Bk EdE (1882—1935)
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Nother theorem

el CIR G Z 2O 7 japem— 5l & ST e
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PIEFRAIRIFRIE

OTERIFFBAEN (REAKRHALAE) > #IETE,
HERIELC.G.J Jacobi (1884)

QUERE4Es) IR = BIETE, H#RIEE (1884)

QLIEREEE ™ EIR = 8eE&<F18, J.R.Schitz (1897)

FELfT L HE AR Ok IE SobL T AR,

. . . — Ya 1E i, 1 (%
@charge conjugation (C: C|W(Q)) = [¥(=Q))) Aot h L Bl e

parity (P) (7 - —7 ) XIFR = FIR<FIE PSR A0 LR R B
time reversal (T) (t » —t) = Kramers degeneracy

The CPT theorem says that CPT symmetry holds for all physical
phenomena,or more precisely, that any Lorentz invariant

local guantum field theory with a Hermitian Hamiltonian must have
CPT symmetry. ("mirror-image")



https://en.wikipedia.org/wiki/Lorentz_invariant
https://en.wikipedia.org/wiki/Quantum_field_theory
https://en.wikipedia.org/wiki/Self-adjoint_operator
https://en.wikipedia.org/wiki/Hamiltonian_(quantum_mechanics)

ORIFEIMRIE (FRRISEL a NEZUE) = BlochiE:

AR EEE- el

AR FRIITRIE:  WEF, BT

EHENIFRME:  I6RISR, JELEMIE, 4

L1

TR, ...



®isospin (/) is a guantum number related to the up- and down

quark content of the particle. More specifically, isospin symmetry is a
subset of the flavour symmetry seen more broadly in the interactions
of baryons and mesons.

SU(Z)HLUEESO‘%"(E (internal dial)

I, = 1/2(proton), —1/2(neutron)

MEE i,

{REE "hEd%”

ﬁﬁ FHERBINFRIRENTRME., BaERE: 1
ATHY A EEM 1.[75@4*&»0

BRFHY HE‘UEE{%H%EEJZ—/PE

S sl

pa

?

(i) Isospin doublet

BT ZALF AR IR A SR

A, TGHT


https://en.wikipedia.org/wiki/Quantum_number
https://en.wikipedia.org/wiki/Flavour_symmetry
https://en.wikipedia.org/wiki/Baryon
https://en.wikipedia.org/wiki/Meson

@IEXIFRME
Superpartner: the spin difference 1/2
eletron < ‘selectron’ (FBEEF) : a spin-0 particle with the mass of an
electron;
photon< ‘photino’ (J&RIF) : aspin-1/2 massless particle.

If the photino mirrors the properties of the photon then it must be its
own antiparticle: Majorana fermion, . .
( elusive)

HBXFR (supersymmetry, fEiFRSUSY) &5 K 7 FIIE 412 [8] 1 —Fi
REFRTE, 2N BR I 22 A E B IR T A i AR08



https://zh.wikipedia.org/wiki/%E8%B4%B9%E7%B1%B3%E5%AD%90
https://zh.wikipedia.org/wiki/%E7%8E%BB%E8%89%B2%E5%AD%90
https://zh.wikipedia.org/wiki/%E5%AF%B9%E7%A7%B0%E6%80%A7_(%E7%89%A9%E7%90%86%E5%AD%A6)
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* RQPERBAY(T) , RGEFE—DKRED
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Ps(r) = ¥(r — p)

P; () =y —p)=¢(x—p,y,2)



Pay(r) =y —p) =(x —p,y,2)

° gﬁﬁbéﬁéﬁli@}:
_ {4 0 p? 0%
Y(x—pYyz)= { —Pa‘l'gﬁ“'}lﬂ(xy%z)
0
= exp(—p )Y (x, Y, 2)
° ﬁa’ﬂ‘]%u . f eX =1+ x _|_£_|_... ﬁ_|_
2! n!

VIETERETBRIE w6 - p) = exp(— 5 DY) = exp(— 25 BIU()



Psp(r) = (T = p)

!

[ . . N , 1
P5; = exp(—gp-p) p = —IihV : &) = JHAT

WG — p) = exp(— f- () = exp(— 5 - YY)

ZAEBEA
U PRI R 2 I B A8 1 T R

i p() = Ap(P)



i) = Ay
L) P (T LRI
. Jd . L
Pﬁlhal/)(r) = P;HY (1)

‘ 0
Bl PPy =

lh 0 Pﬂ/)(r) = P~HP P—~1/)(r)



RGN B EF AR ERET A

* A system is translationally invariant (equivalent to saying it has translational symmetry) if
the Hamiltonian is unchanged by the transformation: PﬁﬁPﬁ_l = f,

We have P;H = HP; < [P;,H] =0 < [p,H] =0

<:
g‘ll
il
i
%
il
gl

P~Lh [1/J ("] = PzH[Y ()]

[P Y(@)| = H[Psp ()]

o “PEZ ) B R UK SR T A B RE v T RE



B RS AT Py MO, X ANBERRON 2 1) R B

o ELER] RH

PpPs = PsPs = P55

. Ny e s IS ) Yo SRR D _D.D. e
Q: B HATRG = e” M EEMIFER, RpRg = RgRp = Ry 5 T2
A ?



« WEE: (P = exp(ik - 7)
Q : what is the name of a free particle?
SARENESE Y — p) = exp[ik - (F — p)]

2 B HRLT U pR

Q: “HMH” EMFE?

A FET— A7 Bk
1 L



Z TNy

:H
Suf
|
|

Ek}

* WAL () = Ru (MY (6, )
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* Heisenberg Equation of Motion
« U(t, ty = 0) = U(t) = e tH/R

+ A = UTADUE), (@) = (0)

dAH)
dt

* Schrodinger picture:

+ A(t) = (Y(©), Ap(t)) with p(t) = U(t)y(0)

=1 [A, H] + g—‘: (% = 0, not explicitly include)
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S €3 : Bloch theorem

i’ = zRUX] +ti
J

t=Rl

EFN

ﬁ] — El + ﬁz + Eg — 1151 + 1252 + 1353y

LEZi=123

(E[R}} = {E[a;}1{E[a,}{E[a5}"

(E|aj} M2 H:

=

X

A2 B

||

—> T=T1®T2®T3

CREEET (I = 1,2,3)



SRANA] 23R

° *%Z%%Tl
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ﬁﬂfliakﬁq AFfE, x T W: Ny RS

Ny —4EAAT 23RN, BN Ny DR



AN IVESTN

| DR RBF AN T )RR

I

HIPEID 526 (Ela )Nt = {E]0}

DY+ ({E[a3N) = DXt ((E]0}) = 1

1N - ,
[DKr((E[aD]| " = 1 = DX{E|a}) = exp( — i2mp, /Ny),
p,=012,...,N;— 1

HIONHE T Ny DMANRI 23R EipE

b oiz. N1 th ({E@z}) = exp( — i2mpy /N>),
po=012. N1 D ((El&sD = exp(= i2nps/Ns),



DX ({E[a))) = exp( —i2np1/N;y),p1 =0,1,2,...,N; — 1
DX:({E[l;a)}) = exp( — i2mlyp1/Ny)

CREER

DX({E[R}) = DX ({E[l,a,})D¥2 ({E[1,3,})D*s ({E[1335})

_ o lip1 |, LoD 13&)]
—exp[ lZﬂ(N1 + N, + N,



FE BT ;- by = 275

M2fBIER Gy, = hyby + hyby + habs,

hiEZ,i=1,2,3
TE X = P11+ =+ P2~ =+ P3 -
k1=N_1b1,k2=N_2b2,k3=N_3b3
b, - b
_?Ski<?’l=1’2’3

DX ({E[a)}) = exp( — iky - @y)

@i
=

= DXt ({E[l,a1}) = exp( — iky - Lid;) = exp( — ik - Ry)



7]

D*2{E|R,} = exp( — ik; - R;)

ol

Dk3{E|§3} = exp( — ”;3 ' 133)

RN LRI N

D"({E|§l}) = exp( — ik - ﬁl)

]_{\: <E1) EZ) E3>

Q_L



Xy_[_l;%g E — I:, + éh
D¥({E|R,}) = exp(— ik - R)) = exp(—i(k' + Gp) - R))
E‘[%n 5h . ﬁl — Zﬂ(hlll + hzlz + h3l3) — 27'[)((%%%&) ﬂ

D¥({E|R;}) = D* ({E|R})

R AE o — A BN X I BOBRR RY AT SRAG- T A2 0 T 1 il A ] 203808

EE‘J/I\iﬁ N = N1N2N3

RIVEE AN AT 2938 om B4



SUEAN T 29 R R T 1R A2

z X'(R)* ¥ (R) = g6

REG

o« Blge —4ERoN, FEPEICEIRFERR



> DX(EIRY) D ((EIRD)

{E|R}}

=) > ) exp—i(k k') - R]

L I 13

_ Z Z Z exp [_Qn (ll(pjv s VN 12(p§v —py lg(p;v ~ pi))]
1 2 3

L I 13

B
Moy N;i—1 / . — 7'\ A
* RyE—I: 2 [ . (h(m—m))‘ 1 — exp|—i2m(p; — p1)] 7T N0
exp | —i2m

Ny 1 —exp[—i2n(p; — p1)/Ni]

\_i'lpl =piHﬂL’ K—‘ﬁé’ %fﬁ = Ny,

11:0
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- AN T 1]

N;—1 p

L (p: — 1
> exp [—iZn( 1(p‘N_ p‘))] = Ny i = 2,3
[;=0 l

z D¥({E|R}}) D¥ ({E|R)}) = N&y

{E|R;}



ANB] 2137~ DRI IE R AT

o DNyt B ARALFIRIE AR, Mg (7) FRid

RS pR AR e AT
P{E|R}+(F) = D*({E|R})7(F) = exp( — ik - R)Yx(¥) ﬂ

X P{E|E1}W,g(’7) = W;;(F_Ez)

ﬂ exp( — ik - R () = Y(F — R)
e @ Yr(r) = exp( ik - )z (1) JE 9] BR
Bloch B ug(F) = uz(F — R)
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« WY (r, )R RHBREL, DO A AR B ROER, 184E ¢ (t)
, LA P RoRIN (R B AF

Prp(t) = ¥(t — 1)

RS

0
PAp(E) = exp(— T=IW(®)



# HAG 5Tk, WA, Hl =0

) R

A REAETF By (t) = P(t — 1)
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(P} 4 LRI B] DUREE, & ONPIEAR RO HE, ERE
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A, R FRFFERFFX RS, SReE B RIFAZ;
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N 2S-FE L C metric )
Lorentz group SO(3,1): parallel discussion with SO(N)

Infinitesimal transformations: L = I + ipK (R ~1+i0 D
_ (1 0 )
1 0 d77 .
tY . :
Keep (dt dx) (O _1) (dx) invariant
dt"y _ (dt
(aw) =1 (&)
i.e., dx'Tndx’ = dx"LTnLdx = dx"ndx - L'nL = n

Comparison: R'IR =1, LI'nL =n



Parallel discussion with SO(N)

K'n + nK=0

!



Lorentz group SO (3,1) 2L #L
(3 + 1) dimensional spacetime

R* I REWIIINAE UG
Three rotations i

—y0, + x0,, = iJ,, —z0, +y0, =], —x0; + 20, = i,

Three boosts iK

1
220t+t0 —lK

1 1
— Xx0¢ + t0y = iKy, ;yat + tdy, = iK,, .

C

keep c¢?(dt)? — (dr)?= const

[]ir]j] — igijk]kr [ i K]] lgl]kKk: [ i ]] — __lgl]k]k



S0(3,1) vs SO(4)

*S0(4):J3 =J12,J1 = J23, )2 = Jzsn and Ky = J14,K; = J24.K3 = J34
Ui di| = i€, o Ki| = igijuKe, Ko K| = i€k

* 50(3,1):

Ui Ji| = igiiidi, 1o Ki| = icijnKe, |Ki K| = ——zel,,Jk



Digression: SL(2,C) vs SO(3,1)

* SL(2,C): all 2-by-2 matrices with complex entries and unit
determinant. (special linear group over complex field)

for L € SL(2,C), let X, » X'y, = LTXy, L
Xy=xI+x-0
X'y=x%1-x"-0
detX',, = detX,, —
(x'9)%2—x"? = (x°)?—x? preserves the Minkowski metric

In fact a Lorentz transformation. This define a map from
SL(2,C)to SO(3,1)



L

—T. - Xy = X'y (= L'XyL)

e u
how similar case! 7 R(u)

SL(2,C) /Z, = SO(3,1)



sE OS2 (Lorentz transformation + translation)

H = i%,P = —l—(—> P, =i0, = lai (four-component vector))

ex »>x' =L,(Lix+a,)+a, =L,Lix+ L,a; + a,

HEILRIE R R
g(Ly,a1)g(Ly,az) = g(LyLy, Lyay + ay)



S04 (Lorentz transformation + translation)

Ten generators: Poincaré algebra

]
{L,a} - {J,K, P}

[Ki;H] — ipi, [KUPJ] — 151

l) c2

H, |J;, P;| = i€ijiPe, [P, P] = 0



The conservation of electrical charge

P oY =petd
Probability explanation:

YI* = [Y'|?

What does it bring by 6 ?



The conjugate variables:

E t



From wikipedia

* There are many symmetries in nature besides time translation,
such as spatial translation or rotational symmetries. These
symmetries can be broken and explain diverse phenomena
such as crystals, superconductivity, and the Higgs
mechanism.2l However, it was thought until very recently that
time translation symmetry could not be broken.l3! Time crystals,
a state of matter first observed in 2017, break time translation
symmetry.[4]



https://en.wikipedia.org/wiki/Translational_symmetry
https://en.wikipedia.org/wiki/Rotational_symmetries
https://en.wikipedia.org/wiki/Crystals
https://en.wikipedia.org/wiki/Superconductivity
https://en.wikipedia.org/wiki/Higgs_mechanism
https://en.wikipedia.org/wiki/Higgs_mechanism
https://en.wikipedia.org/wiki/Time_translation_symmetry
https://en.wikipedia.org/wiki/Time_translation_symmetry
https://en.wikipedia.org/wiki/Time_crystals
https://en.wikipedia.org/wiki/Time_translation_symmetry
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A transformation from one description to another is called a gauge transformation,
and the underlying invariance is called a gauge invariance.

Note that gauge invariance is not a symmetry.

Particles do not carry around a knob called ‘gauge’ that allow us to change them into
other particles. Gauge invariance is merely a statement of our inability to find a unique
description of a system.

‘Gauge’ is an awful bit of terminology with which we are
unfortunately stuck. Einstein’s general relativity
showed that spacetime geometry has a dynamical role and
Hermann Weyl wondered if the scale of length could
i . itself be dynamical, varying through spacetime. In this

What is a gauge field? picture, one could make a choice of gauge which would
be a choice of scale-length: metal wire comes in different
thickness or gauges, so the term seemed entirely
appropriate. He later adapted his scale argument
to one involving phase, as outlined here, but the name
‘gauge’ stuck.
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