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1-form



It is mapping in 3D, not equality!





associativity

The triple cross product is not associate



In 3-space

Generalize to high dimensions



23 = 8 elements: one scalar; three 1-forms; three 2-forms; one 3-forms

Exponentially increasing

Multivector ：



Tullio Levi-Civita

29 Mar 1873 – 29 Dec 1941





Modern view – Geometric Algebra

• What information will we lose if putting two vectors (bivector) 
together?

• 𝑢 ∙ Ԧ𝑣 : scalar, inner product : projection

• 𝑢⋀ Ԧ𝑣 : bivector (in some sense, pseudo-vector in 3D) :

right-hand grip rule

Combine : 𝑢 Ԧ𝑣 = 𝑢 ∙ Ԧ𝑣 + 𝑢 ⋀ Ԧ𝑣

𝑢2 = 𝑢 2



The degeneracy of bivectors:
the same magnitude (area), the same orientation



How to add ?



outer product 
vs cross product

𝑢 ⋀ Ԧ𝑣 = 𝑖𝑢 × Ԧ𝑣

What do we have?
𝑢2 = 𝑢 2

𝑢 ⋀ Ԧ𝑣 = − Ԧ𝑣⋀𝑢

We need one more:
𝑖 ≡ ො𝑥 ො𝑦 Ƹ𝑧



𝑢 Ԧ𝑣 = 𝑢 Ԧ𝑣 cos 𝜃 + 𝑢 Ԧ𝑣 sin 𝜃 𝑖 = 𝑢 Ԧ𝑣 𝑒𝑖𝜃

In 2D,     𝑎 ො𝑥 ො𝑦 ≡ 𝑎𝑖
𝑢𝑖 = −𝑖𝑢

𝑖2 = ො𝑥 ො𝑦 ො𝑥 ො𝑦 = −ො𝑥 ො𝑥 ො𝑦 ො𝑦 = −1



Pseudo-vectors Pseudo-scalars

ො𝑥𝑖 = ො𝑥 ො𝑥 ො𝑦 Ƹ𝑧 = ො𝑦 Ƹ𝑧 (bivector)

𝐿, 𝐵

In 3D, 𝑎 ො𝑥 ො𝑦 Ƹ𝑧 ≡ 𝑎𝑖
𝑢𝑖 = 𝑖𝑢
𝐴𝑖 = 𝑖𝐴

(𝐴:𝑚𝑢𝑙𝑡𝑖𝑣𝑒𝑐𝑡𝑜𝑟)
𝑖2 = ො𝑥 ො𝑦 Ƹ𝑧 ො𝑥 ො𝑦 Ƹ𝑧 = −1 Ԧ𝑎 ∙ 𝑏 × Ԧ𝑐 = 𝑖 Ԧ𝑎⋀𝑏⋀ Ԧ𝑐

𝜱𝑩 ∶ trivector

Chirality is so natural in
the algebra.

3D is so special: the same size for vector and pseudovector:
𝑒1, 𝑒2, 𝑒3 𝑒1𝑒2, 𝑒2𝑒3, 𝑒1𝑒3



furthermore

• 𝑒𝑖𝑒𝑖 = 1, 𝑒𝑖𝑒𝑗 = −𝑒𝑗𝑒𝑖

• ො𝑥 ො𝑦 = ො𝑥 ො𝑦 Ƹ𝑧 Ƹ𝑧 = 𝑖 Ƹ𝑧

• ො𝑦 Ƹ𝑧 = ො𝑥 ො𝑥 ො𝑦 Ƹ𝑧 = ො𝑥𝑖

• Ƹ𝑧 ො𝑥 = Ƹ𝑧 ො𝑥 ො𝑦 ො𝑦 = 𝑖 ො𝑦

• ො𝑥2 = ො𝑦2 = Ƹ𝑧2 = 1

It is just Pauli matrix

𝜎1 =
0 1
1 0

𝜎2 =
0 −𝑖
𝑖 0

𝜎3 =
1 0
0 −1



1843.10.16, 都柏林布鲁穆桥

ො𝑥 ො𝑦 2 = ො𝑦 Ƹ𝑧 2 = ො𝑥 Ƹ𝑧 2 = −1
ො𝑥 ො𝑦 ො𝑦 Ƹ𝑧 ො𝑥 Ƹ𝑧 = −1

In 3D



The quarternionic group －－8阶群

group elements: 𝟏,−𝟏, 𝒊, −𝒊, 𝒋, −𝒋, 𝒌,−𝒌

Vs 复数：𝑎 + 𝑏𝑖，有两个单位 1, 𝑖 ，—— 二元数。

定义四元数：𝑞 = 𝑎 + 𝑏𝑖 + 𝑐𝑗 + 𝑑𝑘

且规定：

则有

The eight-element quarternionic group is to quartenionic numbers as the four-

element cyclic group 𝑍4 is to complex numbers

12 = 1, −1 2 = 1,
𝑖2 = 𝑗2 = 𝑘2 = 𝑖𝑗𝑘 = −1,

𝑖𝑗 = −𝑗𝑖 = 𝑘
𝑗𝑘 = −𝑘𝑗 = 𝑖,
𝑘𝑖 = −𝑖𝑘 = 𝑗

哈密顿--- 刻在桥上的公式





GA see Maxwell equations:



• A unified mathematical language for the whole of physics

---------David Hestenes

The most powerful and general language available for the development 
of mathematical physics

---------------- Stephen Gull

Anthony Lasenby

and Chris Doran
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