NXN matrices

SU(N) SO(N)
To solve

Uty =1 0°0 =E,
detU = i detO =1



A.Zee: group theory in a nutshell for
physicists

* .3 Rotations and the Notion of Lie Algebra Norwegian physicist

Do what you have to do a little bit at a time Marius Sophus Lie

* An infinitesimal angle 6 (near the identity) (1842-1839)

*RO)=I+ A
Orthogonal matrix RTR = 1
RIR=(U+AU+A)=U+A4+4A") =1

A = —AT (antisymmetric) J = ( U 1) - A= 0( 0 1)

-1 O -1 0
v

generator of the rotation group: R =1+ 6J + 0(0%) = ( 1 @

_9 1) +0(62)



cos @ sin 6 .
o . — I H
SO0(2) (_ sinf  cos 9) cos@ I +sinf

l 6 -0
(o D

R(6) = lim (R (%))N = lim (1 + QWJ)N = lim ((36_1\(!7 ) = e9J

N—>o00 N —>o00 N—>o00

e0 = Yoo ongn :( cos 6 sinH)
n=0 —sinf cos6



Two approaches to rotation
1, apply trigonometry, we can get R(6) = (

2, whatis left invariant?

uw =Ru,v' =Rv - u v

Lie: infinitesimal rotation -------- e?J = R(6)

cos 6 sinH)
—sinf cos#@
' v > RTR =1



Distance squared between neighboring points
* Check

*7p = (x,¥), 79 = (X, 7)
c*Ax=X—x,Ay=y—vy

(AX) ( cosf sin 9) (AX)
Ay’ sin@ cos@/ \Ay

e Ax? + Ay?=Ax"? + Ay'?> dx? + dy? = dx'? + dy'?



To higher-dimensional space

e ds? = ’l-v=1(dxi)2

dx' = Rdx , requirement : ds? keep invariant.
RTR =1

detR =1: eliminate reflection



* In 3d, 3 generators:

0O 0 O 0 0 -1 0 1 0
°Jx=(0 0 1) Jy={0 0 0} J={-1 00
0 -1 0 1 0 O 0 0 0
A= Hxe + Qny + HZJZ
[]i']j] = 1€k R(0) = e4 = e2ifidi ﬁ

= —i/] > hermitian
Structure constant J J

R(0) = e4 = e'?J: orthogonal matrix



Lie algebra

e R~[+ A, R"~ I + B : both infinitesimal rotation

 Consider RR'R™1 — R’ : measure the lack of commutativity.

* The difference : [A,B] = AB — BA

.AziZiei]ii B=l216’]]]

Then [A,B] — iz Zl] Hl- 9/}[]“]]]’

[]i,]j]T = —[]l-,]j], antisymmetric, ok, as alinear combination of the /.S

Ui di| = igijik

The commutation relations between the generators define a Lie algebra, with
&;ji referred to as the structure constants of the algebra.



* Lie group: multiplication
* Lie algebra: commutation

As the generators: the antisymmetric matrices
C=AB, C'=BTA" =BA + —C

The algebra does not close under multiplication, only under
commutation



* Alie algebra is a linear space spanned by linear combinations };; 6;J;
of the generators.

Historically, the relation between a Lie group and Lie algebra was also
hinted at by the Baker-Campbell-Hausdorff formula,

pApB — oC

C=A+B+;[AB ([A [A,B]] + |B,[B,A]]) + -



In general higher-dimensional space

. (](mn))l] = —i(5mi6”j — 5mf6"i) . generators (](mn) = —](nm))
* Jemn) mth row, nth column:1 ; nth row, mth column: —1

elsewhere: 0

* (mn) label matrix (denote which matrix) , not matrix element :
L,j: for row and column of Jmn)

. %N(N — 1) real antisymmetric N — by — N matrices Jmn)

m: N options, n:(N — 1) options, %:double counting

Jx = J23 ]y:]31» Jz = J12



Try it! (J(mn))ij = (5mi5nj — 5mj5ni)
(o 1):3(14) < 0 1>:J(24) ( _01



The Lie algebra for SO(N)

* Umny Jop] = i(8mpJngy + Snalimp) = Snp) ma) = SmaJ np))

* (1) no integer in common, = 0
* (2) one integer in common, referto SO(3) : 3-indices = 3-dim

* (3) two integers in common, = 0



The group U(N) —» SU(N)

* UTU =1, > det(UTU) = det(UT) det(U) = det(U)" det(V) =

|det(U)]* =1
e det(U) = e'@

S: special — det(U) = 1: eliminates this dangling phase factor e'®

U(N) { eiaI
(SUN) k=12-,N

12tk 121tk

Strictly, U(N) = (SU(N)/Zy)®U(1), = detle v 1) = 1,but e v I c U(1)



U: Z1E, %k > M: JE KM, Zlmps
U~I+iM SN
I+iMTU+iM)=I=>]+iM-—MD+HMM =1

$

MT =M

U=eM detU = 1
N

detU = dete™ = deteW™W — detWtelAW = deteid = nem]’ —eltrM — 1
j=1 ']

M is traceless matrix



SU(N) :

MT =M, trM =0
ST BHA R - ! |
EXT TG, (N?°=N)/2 %2 Traceless : 112

STFIt, N (23D
MST S 2N2 = (N2 —=N+N+1) = N2 - 1(835)

SIS SRASOINIER AR —F -
STATLN —1 (52, i) + (N2=N)/2 FAEXMIT) =2 (LB = N2 -1

N = 2, MILZHANHON3



The structure constants of the Lie algebra

o [ = eiBaTa

a: N?—1 values

[Ta Tb]t = [Tb*,Ta*] — [T?, T%] = —[T%, T?](antihermitian)
Tr([T% TP]) = Tr(T%T?) — Tr(TPT%) = O(traceless)

. [Ta,Tb] — ifabCTC



* SU) B TLHy — MW 5\

Ugq u12] _ oM
Uz1 Upp

e M % IFE, EiI? Complex matrix



N =2

- Hermiticty: [¢ 2] <[ €] =[* 2] =m
b=c", aand d real

* Traceless: a = —d
o _ i,
M = [b* [01 + 162 —03 ]
1 B o
M » g - , 0 = (0, Oy, 0z) S = > - [Sl-,Sj] = L€k Sk

Pauli matrices here!



Question:

* How to check the SU(2) symmetry in a given Hamiltonian?

* How to construct a MPS with SU(2) symmetry?



« MHAFLWJLAKRFEREAERR, FAT¥ 0 = (04, 0y, 0,)
FONSU(2) BT 55 /INERLTT .

« SUQR) B E— "1 EBALn EIREE R R, A=A 85 /NESEL
8y, 8y, 8, ILERAE R TR, BN 1—i5-6

WA RKEZR: oy, 0y] = 2i0,, [0y, 0,] = 2i0y, [0,,0,] = 2i0y

0- .
S = E — [SL,S]] = lEiijk



» ToF/NERTT oy, 0y, 0, EFREATH AKX R AR, HEFEAREsu(2).

o« su(2)HME—HF X " LS N

X = x0, +yo, +2z0, =70, X,V,Z €ER

SU(2)BEAE AN TG T SRR T — i6 - 6
SRR 646

H——XF MK A isomorphic



N =3 Traceless, unitary
¢« 2 1% =1,2,...,8) matrices

0 1 O 0 —i 0 1 0 0
0 0 O 0O 0 O 0 0 O
0 0 1 0 0 —i
Ay= (O 0 O), As= (O 0 0)

1 0 O i 0 O

0O 0 O 0O 0 O . 1 0 O
A= 10 0 1),A4,=(0 0 —i ”18=ﬁ 0 1 0 ---- Gell-mann matrices

0 1 O 0 ¢ O 0 0 -2

We have tr (6,03) = 2845 and tr (1gdy) = 284y, then U = 1094%/2



SO3)EE: 1THAX AP =FrsLIEZFEREO, e
0t0 =1,det0 =1

o 5 ikl FHEEHEAICILIRET RSO (3)EEIT.

M e B3 /NI SRR, RIM AR R SOHR e T 5 /N
SE, W SETIFHEIE RSO ) #Ftic/Fl + M. x,\ﬁﬁ

Mt= —M

\

= S [RIRNL B SORRR AR [ ] By

0O 0 O 0 0 -1 0 1 0
Jde=10 0 1| Jy,=10 0 O Jd,=1-1 0 0
0 -1 O 1 0 O 0 0 O



'Eg(ﬁk)@%]/‘/ﬁﬁl@ f: Ux;]y:]z)

0 0 O 0 0 1 0 ¢ O
Jr=10 0 —=i),/,={0 0 O0),);={(—-i 0 O
0 ¢ O -1 0 0 0 0 O

SO SR L E IR T BB AN —isy -]
SRR TESY - J %




SU(2) is locally isomorphic to SO(3)

g I e A/ | Y 2E >
(1) FEREh
(a) ZEJENOMIJEKFEFE, & pauli FHEFERIZMHEH G

L pauli 58 % 0 1 0 —i 1 0
“x=[1 ol % = i 0"62:10 —1]

h=[h11 hi,
hp1  hyy

]=xax+yay+zaZ=F-5

_[ z x—iy] h=ht
Clx+iy -



_ hiz + hyq hy1 — hiz

> Y = o8 ,Z =hq1 = —hy,
(b) I uwHPEXT h & IEAR
h’=uhu_1=[ 4 x’_iy’]=F’-5
x'+iy' =7
da b *
— -1 _ a —b




h=F‘5- ﬂ hl=uhu—1

r—=T r' = RW)r

B—MEEME o R R LML IEEw ,  BFE—3%3

FIREFER (u) 57 (x,y,2) 2T (x',y',2")

1 —1
/E (a? + a*’ — p? — b*z) > (a? — a*’ + b2 — b*z) —(a*b™ + ab)\

[ 1
i(az _ a*z . b2 + b*z) E(aZ + a*z 1 bZ + b*z) l(a*b* — ab)
a’b+ ab” i(a*b —ab™) aa” — bb”



2z

o ] — useXJ AR
_[a O
Lo a*] aa” =1
la=e u1<oz)=[e_l7 ‘?a]
0 e2

cosa —sina 0
Ri(a) =|sina cosa O - R(z,a)
0 0 1



e Bl EREANSZAEE

cosg —sing
ﬂ wB =l 5
72 2
R>(B)
cosf 0 sinf - R(y, )
=( o 1 o)
—sinff 0 cosf



e [(2)

(a)

(b) R(u)e¥ sk

Z 1

R(uw) M4 Jm
Rw)Z NS rl,ry #B25CEL

Ty = z R(u);j 1

J

- AR AN AR R R AT 41 50

deth’ = detu -deth - -detu~! = deth

deth = —z% — (x + iy)(x — iy) = —(x? + y* + z?)

deth’' = —(x"* + y'? + z'%) ﬂ

x4yt +2"%=x*+y? 427



e« (c) detR(u) =1

A ERIAT ) ON18-1, X BT SRR, THEE u S
(a,b) EZAALIMAS,

(1,0) »u=1I,—>detR(ly) =1
A XA g KA 13- 1K) kAR, X T PrE 2 & (a, b)

Ak detR (u) = 1
R(u) : —=#E[HHIEH¥E D)



(3)|SU(2) 5 S03) F#&

CLRABR R AL A AT 1223563

R(a,f,v) = R(z,®)R(y, F)R(z,7)

!

u(a, B,v) = ug(a) u(B) uy(y)

ety B =Y

e 2 CoS— —e = 2 sin—
_ 2 2
A ,8 &Y
e 2 sin— e 2 COoS—
! 2 2



SU(2) covers SO(3) twice

« TERANE h NN

h=lu |hul

r'=R) T l

e but
h' = (—w) h(—u™")

!

—_—

r' =|R(uw)|r

2:1 1A SR A



ldentity
. ox (iaﬁa) [ (G1)? (g)z (Eﬁ)z() _]
R R za (6 -1n)° /a3
+l[(0‘ n)2 3 (2) +]
= 1 cos (Z) + i (o -n)sin (%)

2

G-a)(6-b)=d-b+id-(axb)

n {1 for neven

(0:7) = G-A fornodd



You can check

iﬁ-ﬁa)

U = exp(
U(2r) = —1, U(4n) =1 :double covering, only locally isomorphic

« Uto U = cosaoy + sinao,
e UTg,U = —sinao, + cosao,
¢ U.I-O-3U = O3

Half angles come in to render the Lie algebra of SU(2) and SO (3)
the same !



SU(2) ¥ 3- SO (3)¥:3)

Calculate :
U'r - oU
= x(cosao; + sinao,) + y(—sinao, + cosao,) + 203
= (xcosa — ysina)o; + (xsina + ycosa)o, + zo; =1' - 0

r' = R(z,@)r



S0(3)#5— SU(2)#%3)

F B fepaul iFEREFRIFHRB R H] 24EJERFZD , WE
HFHO =70 = x6, +y6, +26,K7~. YT =
(0,0,1), 7 Z&TjEExHk (%%%y%ﬁ%‘eﬁm BEr, RE
fFO' =7 - s RIMERE

Py

OI

r' -0 =sinf &, + cos 0 4,



X VK AR
r=(001) =) 7 = (sin6,0,cosH)

1T =) |+) =COS§|T> =+ sin§|l)

0'|+) = |+)
s —YE IR TR0 IERE,
* B e MR AER|T) 1) 6 /2 ek




* Group is different, algebra is the same
* Locally isomorphic

MM -1
ve_ g MM-1
2
+SU(2) Vs SO(3) Ne2 M3
«SU(4) Vs S0(6) N=4M=6



Manifold of Lie group m; (M)

The (first) homotopy ([F]12:) group m; (M) of a manifold M

Two closed curves in a manifold are said to be homotopic to each
other if they can be continuously deformed into each other.



SO(3) + 0 (SO(3)) = Z, (W)

|

(a) (b) ()
R(w,a) = R(—w, 2m — a)

a =m: the same element—one curve one jump(0 — 4,4 - 0)
With even jumps, can continuous deform to one point
odd jumps, can not continuous deform to one point



° T4 (SU(Z)) = @ (can be shrunk to one point)

u(w, @) = —u(—w, 27 — a)
a = m: different elements : the two points connected by the origin
in the sphere

* This topological consideration confirms what we already know, that
SU(2) is locally isomorphic to SO(3), but since SU(2) double covers
S0(3), they cannot possibly be globally isomorphic.



SECOND EDITION
roup Theory in a Nutshell for Physicists MOdel‘n

LIE ALGEBRAS IN Quantum Mechanics
PARTICLE PI—IYSICS 1. J. Sakurai

From Isospin to Unified Theories

%
b,

Howard (iL‘()l‘gi

Revised Edition




