“mathematics is a wonderful gift we neither understand nor deserve.”

---------- Eugene Wigner, who won the Nobel Prize for introducing group
theory into quantum mechanics...




* Trust me, it’s not that hard

In 1951, | had the good fortune of listening to Professor
Racah’s lecture on Lie groups at Princeton. After attending
these lectures, | thought, “This is really too hard. | cannot learn
|.”

all this . .. too damned hard and unphysica

—A. Salam, 1979 Nobel laureate in physics

Trust me, it’s not that hard. And as Salam’s own Nobel-winning work helped show,
group theory is certainly relevant to physics. We now know that the interweaving
gauge bosons underlying our world dance to the music of Lie groups and Lie
algebras.

------ A. Zee, preface in {group theory)



“Numbers have a way of taking a man by the
hand and leading him down the path of reason."
--------- PyThagoras

No:c,ls sommes des enfants, mais les enfants bien courageux et pleins
en forme.
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............. Evariste Galois
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Quantum mechanics is linear

Hy © unperturbed Hamiltonian matrix
H': some interaction Hamiltonian matrix
Yo, Yp @ eigenfunctions for H

(l/Ja, }[’lp[;) IS @ number, will it transform as the fully
symmetric representation I ?

If not, it vanishes! It is not the scalar in the representation.
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= Z D@ (41)isD® (B)pr D@ (A)5;D® (By g

ZD@(A@S @O U ZD“”(B» D (By)rg

— D(a)(AkAk )UD( (BlBl )pq
— D(a)(Al)l]D(b)(B )pq

= DO (A;B))ip,jq= Z(D@ (4) ® DP)(B)))ip,sr (DD (Ar) ® DD (By)sr jq

ST
= [D@ED (A, BYDEP) (A B1)]ip,jq
= D@D (A Ar) ;DD (B1By)pq
= D@W(A4;);;DP)(B)),,
_ b
= D@®D)(A;B;) ) i



BHRAVFFIERR

EIE BRI MR ERNFHEARA T B R RE R AT A
@)WRI MR ER, W EREFNA T LRIRAVIEAR 1 B REF YA o] 295R) 7 B E AR 3R AR
CEP

x @) (A, B) = D (A)xP(B)

(L) RS EEFNMIRTRER, WERRTOFLERS A
xR (R = yW(R) ¥ () (R)

WERR:

ZEREMRBFER— T AERET,. ARIMHEHNERNEXSE:
D(@®b) (AkBl)ip,jq= D@ (Ak)ijD(b) (Bl)pq

B EBIXS AT I kA

z p(a®b) (AkBDip,ip = Z D (Ay)y Z D®) (B)pp
ip [ p

5 FRIAR .

x @B (4, B) = x D (A x P (B)
XA EERIT KM ALAT .
XE— N R B RRASAEARAYIE BB th 2 2R,



—ikE, MRBMNR—ABNFARTARTNER, WESMERETETA0. FA
MBRTAL, WERGHERTINS DR TR R BN A A S
APERAOR = aux™ R)

IR S BAT
1
4= > Net™P(C1'x ()
k

1
G =7 ) Ned ¥ () AP (€Cr® (Ca)]
Ca

HM, Co3RRE, N Rl HEFTTAMEL



Bk, BANHBERENEFTMX,

Fo BANACs, = C4 ® 141,

Table 6.1. Character table for point group Cyy

Cin=0C101 (4/m)

E C; Cs Cf i iCy iCy iC3
Ag 1 1 1 | 1 1 1 1
B, 1 1 -1 -1 1 1 —1 —1 | even under

1 -1 i —1 1 -1 i -1 . .
Eq4 { 1 -1 — ; 1 -1 —j ; | inversion (9)
Ay 1 1 1 1 -1 -1 -1 -1
B, 1 1 -1 -1| -1 -1 1 1 | odd under

1 -1 i —i| -1 1 — | . .
E. { 1 -1 i | 1 ) . _,; | inversion (u)
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Table A.30. Character table for group O (cubic)

O (432) E 8C 3C2 = 3C% 6CY 6C4

(z® +y° + 2°) A, 1 1 1 1 1

Ay 1 1 1 —1 ~1

(=% — 92,322 — 1) E . = 2 0 0

(Rz, Ry, Rz) T, 3 0 -1 -1 1
(z,y, 2)

(29,92, 2%) T 3 0 -1 1 -1

Or =0 ® 1, (m3m) (cubic)

Table A.31. Character table for the cubic group Oj (cubic)f

repr. basis functions E 3C2 6C4 6C5 8C3 i 3iC? 6iC4 6iC5 8i1C5

Af 1 1 1 1 1 1 1 11 1 1
1’(y2 2%)+

AS yt(2? — %)+ 1 1 -1-1 1 1 1 -1 -1 1
:I(LQ l/2)

+ {-’r' -y’ ‘ ‘

E 5 e 2 2 0 0-1 2 2 0 o0 =1
22° -z —y

TS =,9,2 3 =1 1 -1 0-=3 1 =1 1 0

T, =z(z®-97)... 3 -1 -1 1 0-3 ~ 0
zyz[zt(y® — 2°)+

AT yt(2? — 22)+ 1 1 1 1 1-1 -1 -1 -1 -
2*(z? — y?)]

A, zyz 1 1 -1 -1 1 -1 -1 1 1 -1

E- zyz(z® —9?)... 2 2 0 0 -1-2 -2 0 0 1

T zy(z? —9?)... 3 -1 1 -1 0 3 -1 1 -1 0

T, xy,yz,2x 3 -1 -1 1 0 3 -1 —1 1 0

t The basis functions for T, are z(z* — y?), : (1/ — 2%), y(2* — z?), for E~ are

ryz(z® — y?), zyz(32® — s*) and for T} are xy(z* — y?), yz(y* — 2), zz (22 — 22)
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g\% NMFS, BFERIRIC g+, FFERERIC Au

BRGNS AT, SRS, WERH L ® o,
@ _.I_EEERE%\XTM ®XT29* EIJZ——J_Q/]%:ZTo
XTiy ®XT2QTEET§§ A

Table 6.2. Characters for the direct product of the characters for the 71, and Ta4
irreducible representations of group Oy,

E 8C3 3C2 6C2 6C4 ] RiC3 3iC2 6iCy 61Cy

9 0 1 -1 -1 9 0 -1 1 1
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MADBATIE
1
a("u®T2gA1g) — 75 (IX1X9 +8X1X0 + 3x1X1 + 6X1x(=1) + 6x1x(=1) + 1xX1x(=9)

+8X1X0 + 3X1X(—1) + 6X1X1 + 6X1X1)
=0

1
a(Tu®Tzg429) = 75 (1X1X9 4 8X1X0 + 3X1x1 + 6X(~1)X(=1) + 6X(~1)X(=1) + 1x1x(-9)

+8X1X0 + 3X1X(—1) + 6X(—1)X1 + 6X(—1)%x1)
=0

1
a("u®T2gEg) — 25 (1X2X9 + 8X(=1)X0 + 3x2X1 + 6X0x(=1) + 6X0x(=1) + 1x2x(=-9)

+8X(—1)X0 + 3%x2X(—1) + 6X0x1 + 6X0x%1)
=0

1
a(Tu®T2gTiu) — 25 (1X3%9 +8X0X0 + 3X(=1)x1 + 6X (= 1)X(=1) + 6X1x(=1) + 1x(=3)x(=9)
+8X0X0 + 3X1X(—1) + 6X1Xx1 + 6X(—1)X1)
=1

1
a("u®T2gTou) — 75 (1X3%9 +8X0X0 + 3X(=1)x1 + 6x1x(=1) + 6X(=1)X(=1) + 1x(=3)x(=9)
+8X0X0 + 3X1X(—1) + 6X(—1)X1 + 6X1Xx1)
=1
1
aTu®TzgA1u) — 25 (IX1X9 + 8X1x0 + 3x1x1 + 6x1x(=1) + 6x1x(=1) + 1x(—=1)x(=9)

+8X(—1)X0 + 3X(—1)X(—1) + 6X(—1)X1 + 6X(—1)X1)
=0



1
aT1u®T2gA20) = 75 (IX1X9 + 8X1X0 4 3X1X1 + 6X(=1)X(=1) + 6X(=1)X(=1) + IX(=1)x(=9)

+8X(—1)X0 + 3X(—1)X(—1) + 6X1x1 4+ 6X1x1)
=1

1
a(T1u®T2g.Ey) — E(1x2x9 + 8X(—1)X0 + 3%x2Xx1 + 6X0x(—1) + 6X0x(—1) + 1x(=2)x(—9)

+8X1X0 4+ 3X(=2)X(—1) + 6X0x1 + 6Xx0x1)
=1

1
a(Tu®T2gT1g) = 75 (1X3X9 4 8x0%0 + 3x(=1)X1 + 6X (= 1)X(=1) + 6x1x(=1) + 1x3x(-9)

+8X0X0 + 3X(—1)X(—1) + 6X(—1)X1 + 6X1x1)
=0

1
a(Tu®T2g.T2g) = 75 (1X3X9 +8x0X0 + 3x(=1D)x1 + 6x1x(=1) + 6X(~1)X(~1) + 1x3x(=9)

+8X0X0 + 3X(—1)X(—1) + 6X1x1 + 6X(—1)X1)
=0

Ty & TZg = Ay + Ey +Tiy + Ty
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EERNTCUE Y] BT oKk A RS MERVSARSIERE EN:
filan:

Ey @ Tiy = Thy + Toy s
Tyy @ Tyy = A1y + Ey + Tyg + Ty Tqiy: REERE(x,y,2)

Table 6.3. Character table for the pint group D4 (422)

D, (422) E Co=Ci 20 20C; 2C3

x> + y2, z2 Aj 1 1 1 1 1

R, 2 Ax | 1 1 1 -1 -1

z? — y? B |1 1 —1 1 —1

Ty By | 1 1 -1 -1 1
(z,y)

TZ,YZ E 2 —2 0 0 0

BRI R TTFR I MO BEIREID,, 1RIE D, BEFIS, = CEHIS RS, RATTINA L ER
BDuBRER. BAVERE DSl TR BTSN A TERT RS,
Z = Ajy
xy) > EJ
BRI Op SRR BT B B T D MR B A gy + Ey o



Table 6.3. Character table for the pint group D4 (422)

Dy (422) E Co=0C; 20, 20, 20%

$2 _|_ y2, z2 Al ]_ ]. ]. ]. ]_

R, z A | 1 1 1 -1 -1

z? —y? B | 1 1 —1 1 -1

xyY By | 1 1 -1 -1 1
(z,y)

TZ,Yz E | 2 —2 0 0 0

ST OnBER T, B FL T DanBERESE, + By«
A XDy BE, BABKERITXGA 7S EE, A, SBEEX, WT—1ELR, RIBEEXAENERE
Eg X (A,, + E,) = Eg ®A2u+Eg X E,
= E, + (A1y + Azy + Byy + Byy)
F XS TDanfE, BABKERE O K E, SHERTFHRSHEER. X5 3L IR FR M AR,
EEENEREIREE T, MR IFE L EKIT
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Wigner-Eckart theorem

The early days of btomic spectroscopy]saw a massive mess of confusion, to say the least.

Many transition lines with varying intensity were observed, while some expected lines were
missing. In quantum mechanics, the probability amplitude for a transition from some
initial state |¢) to some final state | /) due to some perturbation, such as the electromagnetic
field, usually ends up being given by an operator O evaluated between the two states, that
is, (f1 Oi).

In atomic spectroscopy, the initial and final states transform like members of some
irreducible representations of the rotation group SO (3), respectively, |i)= |o, j, m) and
]f )= \a/, j',m’). Here « and «’ denote generically some other quantum numbers not
governed by SO(3), such as the principal quantum number that measures how “high” a
given state is in the energy spectrum.

The operator O also transforms like members of some irreducible representations of
SO(3). We write{(’) 7y to indicate that it transforms like the state |J M )] For example, in the
simplest kind of electromagnetic transition, known as the dipole transition, O is simply

the position operator x of the electron. In this case, O transforms like a vector, and thus,
as explained in chapter IV.2, J = 1and M = —1, 0, or 1; in other words, Oy, transforms
like the spherical harmonic Y 1M .

The Wigner-Eckart theorem tells us what group theory has to say about the matrix
element (o, j/, m'| Oy |, j, m). It states® that

jom) ))](a’, iN0; e j)

=(j,m" | ], j, M, m)(, j' Oy, j)

/, -/’ /O "’ :<", / JM®
@, ' | Oy et ) [<, | (|21) 6

The amplitude factors into a product of two quantities, which we can associate with
symmetry and with dynamics. The “thing with the double vertical bars™ (¢/, j| O, j),
called the reduced matrix element of the operator O, represents dynamics, about which
group theory has nothing to say. Its evaluation requires knowing the Schrodinger wave
functions of the initial and final states and doing an integral. One result of the theorem is
that the quantity (o/, J 10, j) depends on o, «, J, j/, and j but does not depend on
m’ and m.

Selection rules:

|AJ]
Am

i =jl<J

m —m=M<J

Clebsch-Gordan
coefficeint



Clebsch-Gordan coefficients
(2j:+1)(2j,+1)

1

j1m1)®|jom;)

]tOt = |]1 _j2|r |]1 _j2| +1,--, |]1 +]2|

JitJ2
z 20+ 1 = (2j;+1)(2j,+1)
l=j1—J2

The tensor product of these spaces, V;=V, Q V,, hasa (2, +1) (2, + 1)-
dimensional uncoupled basis

T 21
f f Ylelﬂ;ml d() = 5ll'5mm’
0 “0



P 5 RURBERIE—H, BRERT.
Xt BREK I oK &, Tk(l): 21l + 1 components.
For P, =1

P, = 1/V2(P} + P1))
P, = i/N2(P} — PL))
P, = P}



‘R = (x —iy,z,x + iy) is a rank-1 spherical tensor, from the
Wigner-Eckart theorem, the same discussion holds as the

momentum vector P.

Another perspective: Parity
(Al+0)



Spherically symmetric Schrodinger equation under parity conservation

The angular solutions to the Schrodinger equation for a spherically symmetric

potential with no spin are the usual spherical harmonics.

2L+ 1) A —|m])!

Pllm| (cos ) exp(imo)

\ 4t (I + |m])!

under the parity operation :

0 ->m—20

(cos@ —» —cos )

p-om+o

Since
1 d
Pl(x) — le' d l [(xz _ 1)1]
d™Py(x)

P™(x) = (1 — x?)™/?

dx™



Spherically symmetric Schrodinger equation under parity conservation

(x? — 1) is an even function of x,
P/™(—cos ) = (—=1)"*™P™(cos 8)
exp(im(n + qb)) = (—1)™exp(im¢)
and we have

Yim = (D (D™ = (1) YWy

Thus :
s,d, g~ waves have even parity.

p, f, h waves have odd parity .



(n',l’, m'|/T. ﬁ|n, [,m)
When | = 1", this term vanishes.
Parity 1s not conserved.

Selection rule: Al = [ — I;, Am = m, — m; (final/initial state : f, i)
P, : Al =+1,Am = +1
P,: Al = +1,Am = +1
P,:Al=4+1,Am =0



Why do we need to discuss parity, it is not in SO(3)?

* [t is not !l
-1 0 0
Parity i = ( 0 -1 O ),det(i) = —1
0 0 -1 _
i &€ SO(3)
0(3
SO0(3) +iS0(3) = 0(3), (3) = 7, = {e, i}

SO(3)



Selection rules

* |n,[,m) the basis for hydrogen atom
Examples: (make a quick guess)

(31,1 2,|2,1,0) (3,1,1| B,|2,1,1)
(3,2,1| P,|2,0,0) (3,1,1| P,|2,0,0)



