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Time reversal @

Definition:

Eugene Wigner (1902 — 1995), {Group Theory and Its Applications to
Quantum Mechanics of Atomic Spectra) , Academic Press (1959).

Most inspiring demonstration:
Jun John Sakurai (##H 4k, 1933-1982)

{Modern quantum mechanics)
{Invariance principle and elementary particles)




Newtonian mechanics
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FIGURE 4.9. (a) Classical trajectory which stops at =0 and (b) reverses its motion
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Newtonian mechanics

n®Z _ Fa
dt?2

Clearly if #(t) is a possible trajectory, then likewise so is Z( —¢) since

d%2

d(_t)z = -j;(i)
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Falling body vs  thrown upwards
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Wigner:
1932: I’ H "B (8] & JE" AL

1959: “reversal of the direction of motion” Is perhaps a more
felicitous, though longer, expression than "time inversion.”

Sakural:

1994 (®={E) : time reversal is a misnomer, it reminds us of
science fiction.



Wigner(1932,1959): out of dilemma

ih%t/)(?, t) = Hy(F, t)

lp(’f'), t) i ei(ﬁ‘f—Ent)/h t > —t l/)('f'), t) — ei(ﬁ'f-l'Ent)/h
2 2
+ Contradiction: ——(#,t) = Exp(7, t) (@ t) = —Enp(7, )
Introduce time reversed state OY(r,t) &

e_i(ﬁf_En(_t))/h — ei(_ﬁ‘f_Ent)/h

O |p) = |—p), E, keep invariant!



* We require the probability of finding a particle which will be the same .

(YY) = (OyY|0Y)
We have two choices : [{@|Y)| = [{(O@|OY)]

(p|Y) =(Op|OyY) (O unitary, keep inner product invariant)

(p|Y) = (WY|p) = (Op|OY) (O anti-unitary: an extra complex conjugate)



Hermitian operator

= a generalization of a real number
Hermitian conjugate of |Y)

P)T = (Y]
W= 1y)

Why this requirement 0 = O (Hermitian, or self-adjoint) ?
a = (Y|0[Y) = (Y|0T|p) = a* (physical observable)
Generally, {(¢|0]y) = (|0]@)*



iR A IEEFTO

N I
lﬁal/)(r, t) = HY(r,t)

FFAANIE: t > —t

.. 0 _)r_ 4 S OO —— T
in lg?it)t) = HY(7,—t), NHEEES T

FUAMBMELRLE, %3
=Y'(F ) =t (F, - RERES T,
B2 XS T (8 ORFEFOWIR) RN E K, i E KRR IER T HENRA

L op(@,t) R
Oih 300 = OHY (7, t)

IR0 = UKERGMHNALERES, FELTIME 05NN HXRRNS
BHEHF L > —tHEXK,

Zih= —iho 22D = i = HOY(F, 0




[@,i%‘ = 0 match [@,H] =0
MR oY t) = Y*(# —t)

—DEFEE, EREANTHT (REF)

BEY(F -REEESTRENER.

BHIANE BRIEHEE (transition probability)



(1-6t)0la) = 6 (1 - (=60)) |a)

—IHO = OiH

If O Isunitary, _pg = gy
HO|n) = —OH|n) = —E,,0 |n)

Nonsensical!

4

® I1s anti-unitary — antilinear

—iHO = OiH = —iOH
HO = OH
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- %4
O(ap +bp) =a"0¢d + b*O¢
(09,00) = (9, P) = (¢, 9)

* RAL

- (R&MERNAL)
® = UK

Unitary * complex conjugate
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> Momentum

—o0t 0 ot before reversal
Momentum Note:
Momentum before reversal |) /
after reversal \ All the treatments
~ \ startat t =0
/ t=o0 t=0
(a): 0 - 6t il
Type equatlon| er%o =0;t =4t) = (1 N 7&5) |a>
RN “time reversal symmetry ” requires
at t=-+6t A - .
i
(- 2o o (1-56t) 0la) = 6 |, to = 0;t = —6t)
) ) - after reversal iH
. =0 (1-2(=60)) |a)
6 (1-=(=50)) |a) h
(a) ( h (b)
FIGURE 4.11. Momentum before and after time reversal at time ¢t =0 and 7 = + 6. (b): (=6t = 0)_1

= /{0425 (8] statefd" JEER R ] reversal of motion
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Goal of function

 Under the transformation of time reversal: t - —t

dx
x—>x»p=E—>_P»

L=rxp->—-Ls—>—-s=]=L+s->—]

|x,p] = ih

Odd/even operator
PAO~ 1 =+A



The operation of time-reversal operator

Dual (B1O|a) = {B|(O|a))

Corres- proof:

oy @=0, [ =olp)
V) oyl =Bl &®

(Bl ® |a) = (yla) = (aly) <4mm |dentity from the antiunitary nature of @
= (@lo QT |B)
=
=

@0 ®"e~'0|B) _ (A t p-11p
CY|@®T@_1|,8~> (ﬁl@ld)—(dl@@ @ |:8>

¥ Linear operator
Odd/even operator

For Hermitian observables: OAO~! = +A4
(BlA|a) = (@|0AO|B) (BlAla) = £(BlAla)




Expectation value
(alp|la) = —(a&|p|@)
OpO~—!t = —p
po |p’) = —Oplp") = —Op'|p") = —p'O|p’)

O |p’) =|—p’) (up to a phase factor): |—p’) is the momentum
eigen-ket with eigenvalue —p’

(a|x|a) = (a|x|a)
OxO~ ! =x
O |x") = |x") (up to a phase)



* Check the fundamental commutation relation:
x,pi|l ) =ihb; | )
O [x;,p;l0710| )=0ihs;| )
[xi, —p;l@| )=—ihé;0| )
for angular-momentum operator,

Ui ]| = ihegjidx

Oj~1 =—J
* This Is consistent for spin-less system where | = rXp



Wave function

|a): a spinless single — particle state
@) = [ @' )|
Ola) = jd?’x’ lx" x| a)*
P(x') - T (x')
Theorem : Suppose the Hamiltonian is invariant under time reversal and
the energy eigen-ket |n) is nondegenerate; then the corresponding

Energy eigen-fuction is real (or ,more generally, a real function times

a phase tactor independent of x)
(x'|n) = (x'|n)*



The eigen-spinor of g - 1

I

I

Il Second
rotation

l

g -nX=X

N — unit vector,
polar angle: f ; azimuthal angle:a

First

/-\rotation

0 = (0Ox, 0y ,0z)

C

1 = (cosfcosa, cosfisina, sinf)

COS (ﬁ) e~la/2

2

- E) )2
sm(2 el?

FIGURE 3.3 Construction of o -1 eigenspinor.

X =



For spin-1/2 system — ,-2% il = (0,0,1)

h o-Nn =ao,

The first rotation, the operator : e tSyP/h |+)  eigenvector of o,
1:  eigenvalue

The second rotation, the operator : e~ tSz&/h

e~iSz/h o=ISyB/h 4y = p=ioza/2 g=ioyB/2) )

. a . . . . P 1
_[cosz — 1 0,SIn E] [COS,B — 1L 0,,51N ;] (0)

feo(E)er
- sin(g)e‘w‘/2



Time reversal for a spin %2 system

o |ﬁ; _|_> — e—isza/he—isyﬁ/h |_|_>

* 0|7 +) = e" S/ heTISBIM g |4) = |7 ) ()

* |+) is the initial state, the factor e~ isza/he=isy B/ i the transformation
of |[+), @s@~1 = —s, OiO~! = —i, then O directly operates on |+) , it is

the requirement for TRS, we expect |71; —)(compare to the argument in
P271, (4.4.22-4.4.24))

1 stands for an arbitrary

phase(a complex number of modulus unity)
|ﬁ; _) — e—isza/he—isy(n+ﬁ)/h |_|_>

O = UK



Time reversal for a spin %2 system

0 [n; +) = e~z2/he”iyB/M @ |+) = n |A; -)
n |fl; _) — ne—isza/he—isy(n+,8)/h |_|_>

® = UK
U = ne—isyn'/fl’ Kl-l—) _ |_|_>

|+) is a real basis vector.



|[dentity

. exp ( io- na _ |4 @ ﬁ)z (%) (E ﬁ)z (% B ]

-l[w 0%-C @) ]
% —i(o- n)sm(z)

(G-a)(G-b)=d-b+id-(axb)

n {1 for neven

(0:7) = G-A fornodd



Time reversal for a spin %2 system
O =ne TY/AK = | n—yK = —ino,K

Then we can check
O |f; +) = e iSz8/he=ISyB/M g | 1)
In (1):i > —i,S, S, = =S, S,

Qe~isza/h = g-is;a/hg (1) In (2): exponential factor
Qe iSyP/h = o~isyB/hg  (2) s real. And S, commute
with itself

Physical sense: § —» =S,
similarto | —» —J



¢ X (A +) —> |ff; +)

g -NX(N;+) = X(N;+), then
« —io, X" (A; +) —> |71; —)

* Choosing S, representation

e—inSy/h|_|_> — _|_|_>’ e—inSy/h|_> — |_|_>

O(c|+) +c_|=)) = +tnc™|=) —ne*|+),
@2(C+|+> +c_|—-)) = _|77|2 Cy|+) — |77|2C—|_>
= — (cyl+) + e |-)

0% = —1 — kramers degeneracy



EHA

+[6,H] =0,  Hy = Eyp, HOY = EOY,
OYEYIT N EIHEEEE,

Bigoy = e’y (AIMNMEBHEZEN)  WE
O = Oe'*YPp =e M OY = = 0% =1
50° = -1#FE, BURRBAFN, ZERT.




Angular-momentum eigenstates:

* 02|j half — integer) = —|j half — integer) (1)
« 0%|j integer) = +|j integer)

The eigenvalue of 02 is given by (—1)%
O = ne_in]y/fl K

For spherical harmonics
* 0|l,m) = (—1)™|l,—m)
* Generally, 0|j,m) = (—=1)™]|j, —m) (j an integer), compatible with (7)

choose n =i, @|j,m) = (i)*™|j, —m) for any j (half-integer or integer)

As a comparison, for the parity
P|l,m) = (=1)™|l,m)



The presence of K (complex conjugate) makes ¢
“anti-linear unitary.”

*lete =UK y~tiu=i U Isthe unitary operator.
(1) for a spinless particle (U: phase factor )

O=K=>0%=1
(2)odd number of electrons

@ =—i0‘2K:>@2 =_1

!

Kramers degeneracy



Schur’s lemma Issai schur (1875-1941)

If D(g) is an irreducible representation of a finite group G
and if there is some matrix A such that AD(g) = D(g)A
for all g, then
A = Al for some constant A.

What does it mean?

Mystery : degree of degeneracy = dimension of the irreducible
representation

Span space : {GY}



Kramers’ theorem

which states that the energy levels of a time-reversal invariant system with an
odd number of electrons are n-fold degenerate where n is even({82%%).

 Essentially the energy levels come in pairs of Kramers doublets, and you can
only split these pairs by Hendrik Kramers (1894—-1952) introducing a
perturbation that breaks time-reversal, such as a magnetic field.

r
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- WE BN RERETAY

BFRIE t > —t, REBHARFEAL? EEBS RS
Ok, ﬁﬂ?%i WEHXE/\?F}E
XAE=4 T BRI R &M A EEF .

EX Tstate |p,s) . BKOp,s) = |-p,—s), —UTUHES
WEFHBHRE v AR MRE

Up to a phase factor



Generalization : Poincaré group

 {R#FLorentz symmetry (time-space interval invariant) BT ZS 354k
FEZET R 10 generators (Nother theorem),

BHERHR TERE, BERE

1 -1
P= -1 1 , T= 1 1 (Z.BIEInotationZ6)
-1 1
ERIERRZNEX £, 5E
P(iH)P1 =iH, T(H)T! = —iH

p* = (H,p)

1854 — 1912



Evariste Galois Emmy Nother
1811-1832 (1882 — 1935)

. 'v 5 \ =
' ’ AN 2
- 4 ‘, )
r— N 4
> / .
" \ Y \ . \
1 4 s

Nous sommes des enfants, mais ‘A7 752 AIMRIE o) R B 2 AR
les enfants bien courageux et

pleins en forme. “XARE A A,
ﬁgg&?. BERIIB AT, XEHFAGEREMNN.
BEER. . .



“mathematics is a wonderful gift we neither
understand nor deserve.”

---------- Eugene Wigner, who won the Nobel Prize for
introducing group theory into quantum mechanics...

Eugene Wigner (1902 — 1995)



Detalled calculation: in the spin-less case
Variance or constant ? t, At
1/J(t + At) @) Pt +AY) -t

@¢_

At
_ (= (t—At)) ¢ Co__wen_ o,
- —At ot ot

_ a_ 2 N
Oi=—i0, 0==-=0 [@»l§]=0

OY(7,t) = P* (7, —1),

Oe'l|a) = '@ |a) (here, HO = OH )



