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We develop a numerical method for the time evolution of Gaussian wave packets on flat-band lattices in the presence of
correlated disorder. To achieve this, we introduce a method to generate random on-site energies with prescribed correlations.
We verify this method with a one-dimensional (1D) cross-stitch model, and find good agreement with analytical results
obtained from the disorder-dressed evolution equations. This allows us to reproduce previous findings, that disorder can
mobilize 1D flat-band states which would otherwise remain localized. As explained by the corresponding disorder-dressed
evolution equations, such mobilization requires an asymmetric disorder-induced coupling to dispersive bands, a condition
that is generically not fulfilled when the flat-band is resonant with the dispersive bands at a Dirac point-like crossing. We
exemplify this with the 1D Lieb lattice. While analytical expressions are not available for the two-dimensional (2D) system
due to its complexity, we extend the numerical method to the 2D a—73 model; and find that the initial flat-band wave packet
preserves its localization when o = 0, regardless of disorder and intersections.. However, when o # 0, the wave packet
shifts in real space. We interpret this as a Berry phase controlled, disorder-induced wave-packet mobilization. In addition,
we present density functional theory calculations of candidate materials, specifically Hg; _ Cd,Te. The flat-band emerges

near the I" point (k = 0) in the Brillouin zone.
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1. Introduction

Flat-band systems are characterized by completely dis-
persionless single-particle energy states, with the effective
mass diverging. These systems were first introduced by Lieb
in 1989 through two theorems on the Hubbard model, U1 where
flat-band ferromagnetism was discovered in the repulsive Hub-
bard model with an unequal number of sites in the bipartite
lattice.?! Flat bands have also been observed in certain deco-
rated lattices 301 with compact localized states for single elec-
trons, as well as in sawtooth lattices that exhibit nonlinear lo-
calized modes.!”!

The Holstein model!®! exhibits a nearly flat band near the
adiabatic limit, where the effective mass is very large but does
not diverge. Consequently, the quasiparticle behavior in this
model is described by Fermi liquid theory rather than Lut-
tinger liquid theory. Certain short-range tight binding models
display topological flat bands with a nonzero Chern number,
providing insights into the fractional quantum Hall effect. [*-13]

An intriguing lattice model called the o-—73 model exists
in two dimensions (2D), which interpolates between the well-
known graphene honeycomb lattice (¢ = 0) and the dice lattice
(¢ = 1). The latter is realized in a tri-layer arrangement of cu-
bic lattices along the (111) direction, as observed in materials
such as SrTiO3/StIrO; /SrTiO3.1"4! Moreover, an intermedi-
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ate value of @ =1/ /3 can be achieved through critical dop-
ing of Hg,_,Cd,Te,!"! leading to intriguing orbital magnetic
responses.!'%17] The Berry phase!'®! in this model undergoes
continuous tuning from 7 to 0 as ¢ varies from O to 1, while
the energy band structure remains unchanged. Unlike topo-

191 where the

logical insulators with particle-hole asymmetry,
Berry phase transitions from O to 7 between non-relativistic
Schrodinger and relativistic Dirac regimes in a discontinuous
manner, the @—73 model smoothly connects these two regimes
without a Schrodinger term. Recently, flat bands have been
experimentally realized in twisted bi-layer structures, such as
boron nitride, graphene, and indium selenide, [20-26] offering
promising opportunities for integrating high-quality twisted
bi-layer flat-band materials into waveguides or cavities for op-
toelectronic prototype devices. Theoretically, catalogue of the
naturally occurring three-dimensional stoichiometric materi-
als with flat-band and the materials flat-band database website
are also completed.?”-28]

In the field of photonic topological insulators, such as
photonic Floquet topological insulators,?*! which was in-
spired by Haldane’s work on designing directional optical

1301 flat edge states emerge

waveguides in photonic crystals,
as a consequence of the system’s topological properties. Re-

cent advancements in experimental techniques have enabled
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the creation of flat bands by manipulating exciton-polaritons
in arbitrary lattices3!! or through arrays of evanescently cou-
pled optical waveguides.*>33 In quasi one-dimensional (1D)
photonic systems, flat bands have been generated in experi-
ments involving photonic Aharonov—Bohm cages, where the
introduction of correlated disorder led to the observation of
inverse Anderson localization, 34-3%]

In this study, we investigate the mobilization of flat-band
states in both 1D and 2D systems in the presence of corre-
lated disorder. It is worth noting that such disorder typically
manifests in photons rather than in materials. By introducing
correlated disorder into flat-band materials, we can explore in-
triguing dynamics of Gaussian wave packets.

2. The 1D model

The flat band emerges in the 1D cross-stitch lattice and
Lieb lattice depicted in Figs. 1(a) and 1(c), respectively. The
ty (flat) and E4(p) =
—4J cos(p) —t,p (dispersive), where p represents the momen-

energy bands in Fig. 1(b) are Ef =

tum (also in supplemental material). The intersection points
are determined by p; o = farccos(—t,/2J), as illustrated in
Fig. 1(b). The 1D Lieb lattice exhibits five bands with only
two inner dispersive bands crossing the central flat-band at

p = £, i.e., Dirac point-like crossing.
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Fig. 1. (a) The 1D cross-stitch lattice and (b) the band structure. 4, is the
intra-cell hopping strength. An initial Gaussian wave packet located in
(i) or (ii). (¢) and (d) 1D Lieb lattice and the band structure, the flat band
is in resonance with two inner dispersive bands, similar to the 2D a-T3
model. Four intersection points at p = £ marked by purple, green dots
for the upper band, and yellow, blue triangles for the lower band.

3. Correlated disorder

To generate random on-site energy V2 (j) (o € {a,b}, €
labels different disorder realizations) satisfying a prescribed
correlation function Cgs(j — j) = [depVE(H)VE()) =
[ dge'4li=1/1Gy(q), we employ the convolution method. 4!
The modulation function M (x), which is the Fourier transform

of [Go(q)]'/?, is given by

M@ = [ [Gola))t e dg. m

The correlated on-site energy V' b
by convolving the delta-correlated random number a(x) with
the modulation function M(x), and can be expressed as

(x) in real space is obtained

= /oo dx' ot (x —x" )M (x') )

with o/(x) satisfying the standard properties (@(x)) = 0 and
(a(x)a(x)y =86(x—x).

The intra-sublattice correlations are. the same, i.e.,
Gua(q) = Gp(q) = Go(q).
differ by a pre-factor 8,5, s0 Gup(q)
0uwGolq). Here, 8, = 0,41,
lated, fully correlated, and fully anti-correlated cases, respec-
tively. For Gaussian Cgq (x) = Cpe */ % we have Golg) =

C()Z 1 ﬂ 2 . .
exp | —z ( : ) , with the correlation length /.

The inter-sublattice correlations

= Gpa(g) = Gi(q) =
—1 corresponds to uncorre-

2V/7h

4. Disorder-dressed evolution

At short times, the ensemble-averaged dynamics of dis-
ordered models can be accurately described by the disorder-
dressed evolution equation, where the incoherent nature pri-
marily arises from the second-order term, known as the Lind-

blad term, #1-43
L
ae{il} h2

x Gplg) [ d'L(L7().p()), 3)
ﬁe{—zl,o,l} ’ /" (L5 )

ap(r) = —% [Hetr, p(1)] +

where L(L,p) = LpL" — (1/2)LTLp — (1/2)pL'L and
Go(q) = Go()(1 + 8w)/2,G1(q) = G-1(q) = Golg)(1 —
O4)/4. The effective Hamiltonian Heg(¢) and the Lindblad
operators lA,(quB) (t) are given in Ref. [44].

Next, we evaluate Eq. (3) for the 1D cross-stitch model
and present partial new results. We treat the dispersive band

linearly 3] near the intersections

A

H=v(p—p1)®|d)(d|, ©)
where the velocity v denotes the slope of the dispersive band
at the intersections. Assuming that the dispersive band state
component p; remains negligible during the time scales of in-
terest, we can derive a closed evolution equation for the flat-

band component p as/*4!

p. :_Zr (p—pj)P:(p)

j=1.2

+t(1;¢ /_0:0 dqGo(q) [ﬁf(P —4)- 5*‘(’7)] » )

where I;(p) = l;lzab =, quo(q)tsinc[w(q P)]. The first term
in Eq. (5) describes the decay into the dispersive band, while
the second term describes the dephasing process that grad-
ually broadens the momentum distribution of the flat-band
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state.[*>*] Note that smc[” 9P| — [162 dxexp[M],

and after some algebra we obtam

1— 0y mi
L;(p) = 2h"7 o(p)
pl ity pl ity
XEﬁ{zh z} Eﬁ[Zh é}’ ©

where Erfi is the imaginary error function. Equation (6) is not
explicitly given in Ref. [43]. Moreover, we present the evolu-
tion of p4 in Ref. [44].

5. Decay and dephasing

The system is diagonalized under periodic boundary con-
ditions with N = 100 unit cells, and an average is taken over
K = 200 disorder realizations. The Gaussian wave packet on
the flat-band is wpo(x) = —A— exp [— (*;gg)z +ipox

xo9 = 50a (with lattice constant @) denotes the initial posi-

, wWhere

i

tion , £2 = 124” represents the position uncertainty, and p
is the initial average momentum. For each disorder real-
ization, the time evolution is determined through |y(¢)) =
Y. exp(—i&t){W,|Wo)| W), with the eigenvalues &, and the
eigenvectors , of the Hamiltonian H,.

tr[p]
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Fig. 2. Disorder-induced flat-band dynamics in [(a) and (b)] 1D cross-
stitch lattice and [(c) and (d)] 1D Lieb lattice. Tune the location of the
flat-band through varying 7., an interference effect between two intersec-
tions is indicated from the reversed order in the decay behavior for case
(ii). (b) The ensemble averaged inverse participation ratio (IPR). Black
dot-dashed for §,, = 1. (c) The intensity profile (,,) at t = 30 for differ-
ent momentum space locations pg. (d) Disorder-averaged inter-band cou-
pling strength (Viner) = (Wa|Ve|Wr0(po)) between initial flat-band and
upper (lower) dispersive bands (UB, LB). Labels are the same as those in
Fig. 1(d). Standard errors are used as error bars in each figure.

In Fig. 2(a), we present interference patterns that go be-
yond Eq. (5), which treat the two intersections independently.
The (i) resonant or (ii) detuned case depends on the location
of the initial flat-band state, as depicted in Fig. 1(b). The de-
cayed state component can propagate in the dispersive band
and couple back into the flat-band, resulting in the effective
diffusion of the flat-band state. As shown in Fig. 2(b), the

inverse participation ratio IPR(¢) = Y ; 1]2 (t)/X;1;(¢) is ana-
lyzed to quantify the distribution of the flat-band wave packet,
where the total intensity in each unit cell is defined as /;(¢) =
la;(t)|> +|b;(t)|>. Consistent with previous results, the trivial
decoupled case with 8, = 1 shows no diffusion. For &,, =0
or —1, the detuned case (ii) exhibits significantly modified dif-
fusion magnitudes compared to the resonant case (i). The dif-
fusion is directional if there is a preferential coupling to one of
the dispersive bands. [44]

For the 1D Lieb lattice, we have two dispersive bands at
the same intersection p = 7, — 7, however, the upper or lower
dispersive bands contain both v_and —v velocities, the wave
packet on the flat band does not move towards a specific direc-
tion, as shown in Fig. 2(c). The inter-band coupling strengths
to the upper and lower dispersive bands are different, as in

Fig. 2(d).

6. The 2D model

The a—T3 model is a triangular Bravais lattice with three
sites per unit cell labeled as A, B, and C, as shown in Fig. 3(a).
The hopping amplitudes between sites are given by CqyJ for
hopping between A and B, and S,J for hopping between B
and C. Here, J represents the hopping strength and o is a
parameter that determines the ratio between the two hopping
amplitudes. In the continuum limit, with no on-site potential,
the a—73 model exhibits one flat band with energy Ep = 0 and
two dispersive bands E. regardless of the value of o.[** It is
worth noting that varying ¢ from 0 to 1 allows for a continuous
change in the Berry phase. Figure 3(b) gives the band structure
of o—T3 armchair nanotube with flat-band crossing other bands
at ky = 0. In the site basis ¥, = (¥, U5, e ,) T, where m
and n represent the lattice indices with armchair edges in the
x direction and periodic boundary conditions in the y direc-
tion, the tight-binding model for the nanotube can be written
as (J =1 for 51mp1101ty) [47-49]

_Cale CO! —ln—1" Ca'ﬂerl,n :Ean?.m
A A
_Calgn,n - Calpr;?fl n- Calflerl,nJrl
C C C B
_Salen _Salpm—l,n—l _Saq{n-ﬁ—l,n Ele n»

~SaWl Sa¥pi i =E¥S,. (D)

In the presence of correlated disorder V2 (r) with only intra-
sublattice correlations Cgq (1) = Co e—(Ir=r'P/ 52), with fixed
correlation length ¢ = 6a, where ¢ € {A,B,C}, the dynamics
of the isolated compact flat-band mode in the &t—73 nanotube
with finite size N, x N, can be investigated. The initial state is

B
n _Salefl,n -

prepared as a flat-band state with a Gaussian prefactor in the

(x=x0)?
282

¥ = (Sq,0,—Cq)T and xg = N, /2. In the y direction, the dis-
tribution is uniform. This initial state is localized on either the

x direction, given by yto ~ exp {— +1i po,cx} ¥, where

A or C sites, depending on the value of . The dynamics of
this wave packet are studied in the presence of disorder.
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Fig. 3. (a) An armchair nanotube structure from a-73 lattice. Only
nearest-neighbor hopping is considered. Blue links represent the hop-
ping between A and B sites with amplitude Co = 1/v/1+ @2 (in units of
J), and green links for the hopping between B and C atoms with ampli-
tude Sq = ¢/+/1+ a2 such that C + 52 = 1. The location of unit cell is
labeled by m, n in the real space. (b) Band structure of armchair nanotube
with width N, = 20. For a fixed k, the flat-band degeneracy is N-fold.
The Dirac point is on (:|:4—” 0). Note that the spectrum does not depend

3v3a’
on a.
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Fig. 4. [(2) and (b)] The ensemble average (IPR) versus time 7. Time
evolution is involved in N, X N, armchair nanotube system with N, =
30,Ny = 15, averaging over K = 100 disorder realizations. Disorder
strength W ranges from 0.5 to 8.0 and the initial average momentum in x
direction is set as po, = 0. [(c) and (d)] Disorder-averaged mean intensity

profile (I,,) at t = 50. Dashed line represents the initial mean intensity
profile. The left and right columns correspond to & = 0,0.5.

Figures 4(a) and 4(b) illustrate the disorder-averaged in-
verse participationratio ({IPR)) and its dependence on the dis-
order strength W. When o = 0, the flat-band states y;( are
trapped on isolated C'sites in the middle of the honeycomb lat-
tice, with no hoppings to the other sites. The numerically cal-
culated IPR confirms the presence of localization in this case,
as shown in Fig. 4(a).

In contrast, when a # 0, the flat-band states are initially
distributed on both A and C sites. The presence of correlated
disorder induces anti-localization in the flat-band mode. As
the disorder strength W increases, a larger number of sites are
populated by the wave packet, as observed in Fig. 4(b). It
is worth noting that larger values of ¢ can enhance the rate of
diffusion gradually. For the 1D cross-stitch model with two in-
tersections, the wave packet moves when it is closer to one of
the intersections p; or p;. For 2D o—T3 armchair ribbon, the
wave function ¥ = e®W(x), where ¥(x) o< elfer — g~k
from the armchair boundary condition. Because of the dif-

ferent symmetry, the wave packet moves in the transverse di-
rection x. This is not seen in the 1D Lieb lattice. We verify
that this mobilization in 2D q—T3 armchair ribbon happens for
both uncorrelated and correlated disorders.

To analyze the spreading of the wave packet, the mean
intensity I, = ¥, Lun /Ny is calculated as a function of the
lattice index m in the x direction after a propagation time of
t =50. The a0 = 0 case preserves its initial intensity profile,
as shown in Fig. 4(c). However, in the case of a # 0, the
breakdown of compact localization is observed, and the wave
packet spreads over a larger number; of lattice sites, as seen in
Fig. 4(d). Stronger disorder leads to wider spreading of the
wave packet, but transitions to regular Anderson localization
are not observed in this system. These results highlight the in-
fluence of correlated disorder on the dynamics and localization
properties of the flat-band states in the @—73 nanotube model.

7. Candidate material

The first principles method based on density functional
theory (DFT) is used to calculate the electronic properties,
employing the DS-PAW software on the Device Studios plat-
form. DS-PAW is a software that utilizes the projection plus
plane-wave (PAW) method.’”! The Perdew—Burke-Ernzerhof
(PBE) exchange—correlation energy functional within the gen-
eralized gradient approximation (GGA) is employed!! to
optimize the atomic structure. The local density approxi-
mation (LDA) or generalized gradient approximation (GGA)
tends to underestimate the band gap.[>3! Therefore, we use
the hybrid functional theory (HSE06) to calculate the band
structure. The atomic positions are fully optimized until the
force on each atom is less than 0.05 eV-A~!, and the electron
iteration setting is less than 107> eV for convergence. The
kinetic energy cutoff of the wave function in the plane wave
is set to 400 eV. Brillouin zone integrations are obtained using
a k-mesh sampling mesh generated according to the Gamma-

(@) (b) 04f A

Fig. 5. (a) Zinc blende structure. (b)—(e) Band structures of Hg;_,Cd, Te
for x =0, 0.15625, 0.1875 and 0.25, respectively. For x = 0.25, two Hg
atoms in (a) labeled by 1 and 2 are replaced by two Cd atoms. For (c) and
(d), 5 and 6 Hg atoms are replaced by Cd atoms in the 32-atom super-cell,
respectively.
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centered method. The band structure of Hg;_,Cd,Te is calcu-
lated for x = 0 and 0.25, as shown in Fig. 5. The gap between
two Dirac cones at the I" point closes and reopens, indicating
that the band gap is expected to close at a critical value of x,
with 0 < x. < 0.25.

8. Conclusion

In summary, our investigations on wave-packet dynam-
ics in the presence of correlated disorder in both 1D and 2D
systems have provided valuable insights into the behavior of
flat-band states intersecting with dispersive bands.

While analytical expressions using master equations are
not available for the 2D system due to its complexity with mul-
tiple bands, we believe that our predictions and observations
can be verified in future theoretical®* and experimental stud-
ies. The understanding gained from these investigations can
contribute to the development of novel materials and systems
with tailored flat-band properties and their potential applica-
tions in various fields. The study of dynamics of topological
flat-bands with non-zero Chern number under the influence of
disorders would be more interesting and provides a new plat-
form and direction for our future research.
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