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We investigated the behavior of fractional quantum Hall (FQH) states in a two-dimensional electron system
with layer thickness and an in-plane magnetic field. Our comparisons across various filling factors within the first
Landau level revealed a crucial observation. A slight in-plane magnetic field specifically enhances the nematic
order of the v = 7/3 FQH state. For this particular filling, through calculating the energy gap, the Ising nematic
order parameter, the pair-correlation function, and the static structure factor, we observed that as the in-plane
magnetic field increases, the system started from the isotropic FQH (IFQH) state, first enters into an anisotropic
FQH (AFQH) phase without closing the spectrum gap, then the FQH nematic (FQHN) phase after neutral gap
closing. The system eventually enters a gapless one-dimensional charge density wave (CDW) phase for a large
in-plane field. We thus provide a full phase diagram of the v = 7/3 state in a tilted magnetic field, demonstrating
the existence of the FQHN, which aligns with recent resonant inelastic light scattering experimental observations.
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I. INTRODUCTION

The fractional quantum Hall effect remains one of the most
interesting strongly correlated systems for electrons moving
in an effective two-dimensional manifold [1,2]. Generally
speaking, the ground states of the fractional quantum Hall
(FQH) liquid are incompressible with topological order, that
is, order without dependence on any symmetries [3]. Addi-
tionally, spontaneous breaking of symmetry within the FQH
liquid can potentially give rise to electronic liquid crystal
phases, such as nematic, smectic, and stripe order [4—12]. A
particular area of interest arises when these distinct phases
coexist, leading to quantum liquid crystal phases like frac-
tional quantum Hall nematic phases. The concept of fractional
quantum Hall nematic effect (FQHN) was originally proposed
by Balents [13] which was recently discovered in experiments
[14,15]. These phases have been experimentally observed in
transport measurements [ 16]. By manipulating factors such as
the in-plane magnetic field [17,18], valley occupancy through
application of in-plane strain [19-21] or magnetoresistance
measurements under hydrostatic pressure [22—24] researchers
have observed systems exhibiting anisotropic longitudinal re-
sistivity that is enhanced at low temperatures, along with a
robust Hall conductivity plateau. The nematic state is fully
translationally invariant, but lacks rotational invariance. It
can be visualized as stripes that fluctuate strongly and are
riddled with dislocation defects but retain a preferential align-
ment in one direction. To definitively confirm the existence
of a nematic phase, it is crucial to simultaneously investi-
gate both rotational symmetry and translational invariance.
However, previous studies have mainly focused on the break-
ing of rotational symmetry without achieving long-range
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translational invariance. Only recently, with the work reported
in Ref. [25], there has been simultaneous evidence of co-
existence of broken rotational symmetry and translational
invariance, allowing the identification of nematic phases.
Theoretical investigations, including the Hartree-Fock ap-
proximation and effective field theories, have predicted a
range of phases in addition to the expected Wigner crystals.
These include stripe phases, bubble phases, and other crys-
talline states [26-31]. These predictions have been further
elaborated upon by various field theory approaches, which
describe the incompressible nematic phase using an effective
gauge theory [32,33] or by assuming the softening of the
magnetoroton mode [34,35]. These theories aim to capture the
topological order and the nematic order resulting from sponta-
neous symmetry breaking. Microscopic theories, on the other
hand, focus on analyzing the microscopic properties of FQHN
in the thermodynamic limit, providing the necessary condi-
tions for the robustness of the nematic fractional quantum Hall
effect in microscopic Hamiltonians [36]. Recent numerical
studies have further supported the existence of FQHN phases
in both bosonic and fermionic systems, with the tuning of
pseudopotential coefficients in a model Hamiltonian [37-39].
The FQH states within the first Landau level (1LL) ex-
hibit smaller energy gaps and are generally more prone
to perturbations compared to those found in the lowest
Landau level (LLL), as documented in various studies
[40—44]. Consequently, the spontaneous emergence of ne-
matic order, which involves the spontaneous breaking of
rotational symmetry without a preferred direction, may be
more feasible in higher LLs due to the reduced energetic
barrier required for its stabilization. FQH states exhibit incon-
sistent responses depending on the filling factor. At half-filling
v =5/2, the ground state is described as a p-wave paired
superfluid, as supported by numerous studies [45-48]. How-
ever, in the presence of a sufficiently large in-plane magnetic

©2024 American Physical Society


https://orcid.org/0000-0002-8562-8811
https://ror.org/023rhb549
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.110.165123&domain=pdf&date_stamp=2024-10-09
https://doi.org/10.1103/PhysRevB.110.165123

DAN YE, CHEN-XIN JIANG, AND ZI-XIANG HU

PHYSICAL REVIEW B 110, 165123 (2024)

field, the 5/2 FQH state transitions into a compressible ne-
matic phase [16,42,49-51]. On the other hand, at v = 7/3,
the application of even small in-plane magnetic fields leads
to a pronounced transport anisotropy that coexists with the
quantized Hall plateau, indicating the existence of the FQH
nematic [14]. To investigate the FQH nematic phase at vari-
ous filling factors within the 1LL, we utilize torus geometry
with periodic boundary condition in two main directions to
detect translational symmetry. The introduction of an in-plane
magnetic field to the electrons introduces anisotropy, thereby
disrupting the rotational symmetry of the system. Recently,
one of us generalized the description of pseudopotentials to in-
corporate nonzero off-diagonal pseudopotentials v,, , (Where
m # n) that do not conserve angular momentum conserva-
tion. This generalization enables the representation of system
anisotropy in the absence of rotational invariance [52,53].

In this work, we present a microscopic study in a realistic
model examining the influence of in-plane magnetic field and
layer thickness on FQH states within the 1LL, across different
filling factors, especially at v = 7/3. The analysis is grounded
in the pseudopotential description of electron-electron inter-
action within an in-plane magnetic field, accounting for finite
layer thickness. The paper is organized as follows. Section II
reviews the single-electron solution, delves into the pseudopo-
tentials, and analyzes their behavior with varying parameters.
Section III provides the primary result of this work, the phase
diagram of the 7/3 state as a function of in-plane field and
layer thickness in advance. The numerical evidences of the
different phases are given by calculating the Ising nematic
order, wave function overlap, energy gap, correlation function
and structure factor. Finally, Sec. IV concludes the article with
a summary of our findings.

II. MODEL AND METHOD

We explore the impacts of a tilted magnetic field that has a
component perpendicular to the plane (B, ) and a component
within the plane (B)). Without loss of generality, we assume
that the in-plane field By is oriented along the x axis. In
particular, the in-plane magnetic field B) influences the system
only when the thickness of the two-dimensional electron gases
is significant. For simplicity, we consider the electrons to
be confined in the z direction by a parabolic quantum well
potential represented by %med)ozz. The thickness of the system
is related to the characteristic width of the harmonic well,
defined as wy = 1/+/m,@g, in which m, denotes the effective
mass of the electrons and &y is the angular frequency associ-
ated with the confinement potential in the z direction. This
assumption allows us to simplify the problem by focusing
solely on the electron motion within the plane, while incorpo-
rating the finite thickness of the system through the parameter
wyp. The single-particle Hamiltonian is then expressed as

1 1
S D (it ed)’ + omedid, €y

S i=x,),2

Similar to the special case where B) is absent, the Hamiltonian
can be expressed in a diagonal form as

H = X"X + w,Y Y + constant, )

where (X, X") and (Y,Y7) are two sets of decoupled
bosonic operators obeying the canonical commutation re-
lation [X,XT]=[V,YT]=1 and [X,Y] =0. They are lin-
ear combinations of the canonical momentums, where
wi=p;i+eA; for i=1,2,3, and w4 = m.@pz. The de-
tails of the diagonalization procedure can be found in
Ref. [54]. The quasiparticle eigenenergy is given by w? =
%(&)3 + a))% + wf — «/—4c7)(2)c()z2 + (&)(2) + a))% + wzz)z), w% =
H@} + 0 + 0? + V—dajw? + (@ +w? + @2)?). Here,
w, and w, represent the cyclotron frequencies correspond-
ing to eBy/m, and eB, /m,, respectively. As a result, the
single-particle Landau wave functions are now indexed by
two quantum numbers |/, 1) = ﬁ(x*)l (Y )10, where |0) is
the vacuum state. In the limit of w, — 0, when &y > w,, the
operator (X, X ) raises and lowers the in-plane Landau levels,
while the operator (Y, Y") raises and lowers the harmonic
modes along the z axis (or the subbands). The roles of X and
Y are reversed for @y < w,. More details could be found in
Ref. [54].

The three-dimensional Coulomb interaction has the
Fourier form V; = 1/k* = 1/(|§|* + ¢3) where § is the two-
dimensional vector. Its LLL projected Hamiltonian is

= A A 2
He = / d’kV;|Fi (G, g3)1* Pgd—qe " /%, A3)

where pg =Y ;€™ is the guiding center density and
F+(g, q3) is the form factor from the LLL projection. The
lowest LL is definedas/ =¢ = Oand the ILLisfor/ = 0,t =
1 orl=1,t=0. After integrating the z component g3, we
thus obtain the effective 2D interaction [44,54]:

o0
Vest () = / dm%m,@ 3. )
—00 Ig1* + g3
For a two-body interaction without rotational symmetry, the
matrix element of the pseudopotential coefficient is expressed
as (m|Hc|m') where |m) is the two-body wave function
with relative angular momentum m. It was found [53] that
a generalized pseudopotential description can be used to
describe it:

T (K) = 3N (L (e 2K 4 c ),
o (k) = —iNo (LE(KP)e 2K —cc),  (5)

where N, is the normalization factors, n = m — m’. The
effective two-body interaction including the anisotropic one
can be expanded as Vegr(k) = )", v o (k) with coeffi-
cient v5, , = [ d*kVer(K)I'G, (k). For n = 0, the generalized
pseudopotential can be returned to the isotropic Haldane
pseudopotential, namely T, =T,,T, =0 and v} =
Uy Uy g = 0.

In Fig. 1, we display the ratio of the effective interactions
along the ¢, and g, axes on a circle with a radius of g, con-
sidering various strengths of the parallel magnetic field with
a fixed layer thickness. In particular, when w, is nonzero, the
strength of the effective interaction exhibits anisotropy, with
a ratio different from one. This anisotropy leads to a break
of the rotational symmetry. Furthermore, as w, increases,
the ratio changes from being greater than one to smaller
than one, indicating a potential change in the orientation of
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FIG. 1. Given a layer thickness at wy = 1.25, the ratio of effec-
tive interaction in two directions as a function of the circular radius ¢
at different w,. The inset is the 2D distribution of V.4(§) at w, = 3.0.

the effective interaction anisotropy. Such anisotropies can be
experimentally probed through measurements related to the
ground-state structure factor and the neutral excitation gap,
providing valuable insight into the physics of the system. It
is known that the model Hamiltonian contains only v; in-
teraction has the Laughlin wave function [3] as the densest
zero-energy eigenstate. Therefore, in a realistic model with
Coulomb interaction, the relative value of v; compared to
other pseudopotentials plays a crucial role in stabilizing the
Lauglin state in 1/3 filling. Figure 2(a) illustrates the pseu-
dopotential coefficients v;/vs on a 2D graph while changing
the values of w, and wy. We can see that v;/v3 exhibits
a peak value (v;/v3 ~ 1.5 compared to the Coulomb value
1.32) at a finite w,, indicating that a finite in-plane magnetic
field tends to stabilize the Laughlin state at v = 7/3. This
phenomenon is also evident in the energy gap as shown below.
It has previously been verified by experiment [55] in which a
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FIG. 2. The ratio of v;/v; reaches a peak at finite w, and w,.
The peak value is around v /v; ~ 1.5, which is higher than the pure
Coulomb value of 1.32 in the 1LL when the layer thickness is not
considered, indicating an increase in the gap at finite w, and w,.
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FIG. 3. Schematic phase diagram labeled by A: IFQH, B:
AFQH, C: FQHN and D: CDW, respectively. A representative point
in each phase, marked by stars, is chosen to demonstrate the physical
properties in the numerical analysis.

strong enhancement of the gap was observed in a wide 2D
quantum well.

III. NUMERICAL RESULTS

We consider a system with N, electrons in the torus ge-
ometry. The number of quantum fluxes Ny fixes the filling
factor v = N, /Ny. The torus is spanned by the vectors L, and
I:y in two principle directions. Unless otherwise specified, we
consider a rectangle torus with 90 degrees angle between I,
and lA,y. The aspect ratio L,/L, =1 is set mainly at unity.
For N, = pN particles in Ny = gN orbits with a maximum
common divisor N, the filling factor is v = p/q. The many-
body center-of-mass magnetic translation operator T (a) =
]_[gvz‘“1 Ti(a) in which T;(a) is the magnetic translation oper-
ator for each electron. In Landau gauge, we have two good
quantum numbers ¢ = vaz , m; mod Ny, the total momentum
in the y direction in units of 2w /L,, and s, the center of
mass translational momentum in units of 27 /L, which con-
tributes the g-fold degeneracy in energy spectrum. That is,
they obey the relation T'(L,/N) = ¢?™/N and T(L,/N) =
ei2nt /N .

To begin with, we aim to present the primary outcome of
this work as depicted in Fig. 3 prior to detailing the numer-
ical evidence. Generally, we identify four phases at v = 7/3
by adjusting the parameters wy and w,. The isotropic FQH
phase (A) which conserves both rotational symmetry and
translational symmetry, is decided by its overlap with the
isotropic Laughlin wave function. The anisotropic FQH phase
(B) has nonzero Ising nematic order, a finite energy gap in
k = 0 space, and an optimizable overlap with the generalized
Laughlin wave function. The FQHN phase (C) is charac-
terized by nonzero Ising nematic order and gap closing in
thermodynamic limit. Finally, the charge density wave (CDW)
phase (D) is characterized by zero nematic order, zero energy
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gap, and two pronounced peaks in the static structure factor.
We select specific values for the parameters wy and w, at
a representative point in each phase, indicated by asterisks
in Fig. 3, to illustrate these physical characteristics in the
subsequent discussion.

A. Ising nematic order

The nematic phase is translationally invariant, but breaks
rotational invariance. Their order parameters undergo ir-
reducible transformations under the rotation group of the
continuous system or the point group of the lattice. There-
fore, the order parameters of the nematic phase are trace-free
symmetric tensors, which we represent as Q;;. In two dimen-

sions, Q;; = (Q‘ 7QQ‘»;X). It can be expressed as a function

of the director vector N' = Q,y + iQy = |N|e*. When N
rotates around the origin by an angle of 8, i.e., N7 — |N]e™’.
Therefore, when rotated around a point by 7, its sign (direc-
tion) changes. However, upon rotation by & around a point,
its magnitude and direction remain unchanged except for a
possible sign change, hence the name “director” or “headless
vector [56]. On the other hand, under a uniform translation,
the direction of the director remains unchanged. The ne-
matic order parameter corresponds to a field that transforms
under the lowest irreducible representation of the rotation
group with angular momentum / = 2. Thus, the defined ne-
matic phase possesses d-wave symmetry, i.e., the symmetry
of quadrupoles [57]. Therefore, to quantitatively measure the
nematic order after breaking the rotational symmetry, for a
given state |¢), we calculate the Ising nematic order parame-
ter characterized by d,>_,» symmetry [37,58,59],

1

No p=—-——
T NJN, — 1)

D (cos g — cos g,) (V| pyP—q| V),
q
6)

where pq is the LLL projected guiding center density operator.
This order parameter captures the anisotropy in the system.
By measuring this order parameter, we can gain insight into
the nature of the nematic order and its evolution as a function
of various parameters, such as the strength of the magnetic
field or the layer thickness. In experiments, breaking the ro-
tational symmetry leads to anisotropic transport properties.
Recently, Du et al. [25] observed a pronounced plasmon in-
tensity at v = 7/3 through measurements of long-wavelength
spin-wave excitations using resonant inelastic light scattering
(RILS) methods in a tilted magnetic field. The plasmon in-
tensity is proportional to the square of the plasmon coherence
length. A significant peak in the coherence length indicates
the presence of long-range correlations that favor translational
symmetry, providing evidence for the coexistence of transla-
tional invariance and rotational symmetry breaking, namely
FQHN order at v = 7/3.

For simplicity in numerical calculations, we set the
z-direction frequency, w,, to one. We used the exact di-
agonalization method to determine the ground state of a
finite-size system. With the ground state obtained, we then
computed various physical quantities. In Fig. 4, the Ising
nematic order parameters for given parameters wy and w, at
different filling factors in the 1LL are calculated. We typically
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FIG. 4. For given parameters w, = 26.5 and wy = 1.25, the Ising
nematic order parameters N,2_,2» for 7 — 42 electrons at various fill-
ing factors in the 1LL are represented by the empty blue squares. The
experimentally observed plasmon coherence length L in Ref. [25] is
represented by the empty red circles. Both quantities exhibit peaks at
v=7/3.

select the filling factor at the incompressible states in 1LL,
such as 2+1/2,2+6/13,2+4+1/3,2+41/5, and 2+ 1/7,
along with their particle-hole conjugated states which exhibit
gapped ground states. Notably, when the parameters are in
either the B or C phase, the value of N._,» consistently
reaches its peak at v = 7/3. Here, the Hamiltonian includes
only two-body interactions without considering the impacts
from Landau-level mixing and disorder. Therefore, the system
preserves the particle-hole symmetry. For instance, the wave
function at v = 8/3 is identical to that at v =7/3 after a
particle-hole transformation, meaning that the 8/3 state can
be viewed as the FQH state for holes.

Nevertheless, we compute the nematic order for electrons
as depicted in Eq. (6), where a larger number of electrons
results in a larger denominator and thus a smaller nematic
order. We expect a nematic order at 8/3 is the same as that
at 7/3 but with the hole number N, in Eq. (6). However, we
find that the trend in the plasmon coherence length matches
the order parameter Eq. (6) written for the electrons and not
the equivalent one for the holes. Therefore, we use the particle
hole asymmetric choice shown in Eq. (6) as the order param-
eter in the rest of the calculations. For comparison, we also
extracted experimental data from Ref. [25] for the dependence
of plasmon intensity on the filling factor. In the RILS experi-
ment, the 7/3 state subjected to a tilted magnetic field exhibits
a large plasmon coherence length, indicating electron droplets
with large translational invariance. This suggests that transla-
tional invariance and nematic order with rotational symmetry
breaking can coexist in the 7/3 state, aligning with the FQHN
scenario. In our numerical calculations, we directly computed
the electron nematic order and found that the 7/3 state has
the highest value compared to other filling factors in the 1LL.
This implies that rotational symmetry of electrons is most
fragile in the 7/3 state in the 1LL, making it easier to form
an FQHN before breaking translational symmetry. Therefore,
both quantities can indicate the formation of the FQHN phase,
even though they do not have a direct connection.
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FIG. 5. The nematic order parameters of the ground state for 10
electrons at v = 7/3.

Consequently, our next analysis will concentrate mainly
on the 7/3 state. By adjusting the parameters w, and wj, we
computed the Ising nematic order parameters N,>_,» for the
ground state with 10 electrons, and the findings are shown
in Fig. 5. This approximately segments the w, — wg plane
into three regions, corresponding to the entire areas of A, B
plus C, and D in Fig. 3, respectively. In the central region,
it exhibits a distinct value. In phases A and D, the nematic
order parameter is zero, indicating the absence of rotational
symmetry breaking. In phase A, where the in-plane magnetic
field is minimal, it is clearly an isotropic FQH liquid phase.
Conversely, in phase D, characterized by a large in-plane
magnetic field, the nematic order parameter is also zero. This
can be interpreted as a CDW stripe state that lacks d-wave
elliptic structure.

B. Overlap with Laughlin states

For the filling factor v = 7/3, it is reasonable to con-
sider the Lauglin state as the model wave function when the
in-plane magnetic field is small. In the isotropic case with con-
served rotational symmetry, the model wave function has the
well-known form W, = [,_,(zi — z;)%e™ 2/4"/4 However, it
is known that the 1/3 state in the 1LL has a smaller overlap
with W, than that in the LLL. Thus, to simply identify the
rotational symmetry, we can compute the overlap of the wave
function between the ground state and the Coulomb ground
state without thickness and in-plane magnetic field in the 1LL.
As depicted in Fig. 6(a), the nonzero overlap region persists
only for small values of w,. This observation is corroborated
by the Ising nematic order N,>_» of the ground state, as shown
in Fig. 5, where N,2_,» is zero. Consequently, the isotropic
FQH (IFQH) phase, referred to as the A phase in Fig. 3, can
be identified.

By breaking the rotational symmetry, according to
Haldane’s geometric explanation of the gapped FQH ground
state [52], a collection of anisotropic Laughlin states can be
described by an intrinsic metric. These states, denoted as
Wi(g) = [1;-,;[b}(g) — b}()1"|0) where b(g) is the single
particle creation operator in the anisotropic Landau basis [60],
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FIG. 6. In the (w, wy) plane, (a) illustrates the overlap of the
ground state wave function with that of the pure Coulomb interaction,
excluding in-plane field and thickness. (b) displays the maximum
overlap value between the ground state and the generalized Laughlin
states, which are parameterized by varying the metric y.

represent the unique ground state with zero energy of the
model Hamiltonian with nonzero v;. Here, g represents a
unimodular metric associated with an “area preserving” de-
formation of the droplet

o= <cosh 260 + sinh 26 cos 2¢

sinh 26 sin 2¢
sinh 20 sin 2¢ ’

cosh 20 — sinh 26 cos 2¢

where ¢ and 6 represent the rotation and stretching param-
eters, respectively, for the primary motion of the electron in
a magnetic field. By incorporating the g metric, a circular
trajectory transforms into an elliptical one. In our case, we
restrict the in-plane field along x direction, so the parameter
¢ should be constant. Consequently, we introduce a unified
parameter y = cosh 26 + sinh 20 to characterize the metric,
as discussed in the investigation of band mass anisotropy
[41]. The value of y = 1 represents the isotropic scenario
with rotational symmetry. To determine the intrinsic metric
y. of a given ground state wave function with fixed w, and
wy, it is necessary to compute the overlap O, = O(¢, y) =
[(U|W;(g))|?, where the intrinsic metric g. is the metric
that maximizes this overlap. We produce the general Lauglin
state W (g) by the effective interaction Veff(i;) =2L; (qé) —
2 which corresponds to v; Haldane’s pseudopotential. Here,
q; = 8avq"q" and L;(x) is the Laguerre polynomial. In this
case, the value of g, is consistently set to ¢ =0, which
means that we only adjust y within the interval of [1, 2.5].
Figure 6(b) shows the graph of the maximum O(¢, y) for the
system. Since the small in-plane magnetic field region (the
A phase) is isotropic, the intrinsic metric g. in this region
is an identity matrix. This suggests that the remaining region
highlighted in red might indicate the anisotropic FQH phase,
as optimizing the metric g can enhance the overlap to the
identity, which corresponds to the B region. Here we need
to note that the overlap at w, =0 and wy = 0 is not very
high [(¥|¥; (g = 1))|> ~ 69% which means that the isotropic
ground state is not very accurately described by the Laughlin
state in the 1LL as mentioned previously. By increasing the
layer thickness, the overlap could be significantly enhanced to
~96%, indicating that the finite layer thickness plays a role in
stabilizing the Laughlin state in 1LL. A similar phenomenon
was also previously observed in Ref. [61].
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FIG. 7. The energy spectrum of 10 electrons at v = 7/3 in the
1LL, with parameters indicated by asterisks in Fig. 3. The first
excited state in (c) is located in k = 0 subspace marked with a red
circle.

C. Energy spectrum and gap

From the previous subsection, as shown in Fig. 6(b), the
region highlighted by yellow (C phase) also has a large over-
lap with the generalized Laughlin wave function (>80%).
Moreover, both of the B and C phases have nonzero nematic
order. Consequently, distinguishing between B and C based on
the current results up to now is not straightforward. In order
to provide more evidence for the distinguishing them, we
consider the behavior of the energy gap at different regions.

To investigate the unique characteristics of different re-
gions, we analyze their respective energy spectra and energy
gaps, as shown in Fig. 7. In which we fix wy = 1.25 and take
different values of w,. (a) w, = 0.0, (b) w, = 10.5, (¢) w, =
26.5, and (d) w, = 51.5 represent four points (marked by stars
in Fig. 3 in phases A, B, C, and D, respectively). In a finite-size
system with Coulomb interaction, the magnetoroton mode is
not very distinct. However, it is established that magnetoro-
ton excitation represents the unique lowest energy excitation
in the bulk, characterized by a nonzero momentum (k ~ 1.4)
in the isotropic case, as illustrated in Fig. 7(a). The mag-
netoroton mode at k = 0 is significantly higher in energy.
As the in-plane magnetic field increases, the energy of the
first excited state at k = 0 gradually decreases and eventually
becomes the global lowest excited state in Fig. 7(c). In this
scenario, if the lowest bulk excitation remains the magnetoro-
ton mode, the first excited state in the k = 0 space corresponds
to the magnetoroton mode in the long-wavelength limit. Thus,
we can say that the magnetoroton mode softens with the
increasing in-plane field. Similar behavior has also been ob-
served in a model Hamiltonain recently in Ref. [39].

We simply define the neutral gap as the spectrum gap
between the ground state and the first excited state in the k = 0
subspace. The results for a system with 10 electrons in the
w,; — wy plane are illustrated in Fig. 8. It shows that the gap
is nonzero when w, is small and there is a maximum value
for finite w,, which is consistent with the pseudopotential
vi/v3 as shown in Fig. 2. It is clear that the magnetoroton
mode [62-65] becomes softer as the in-plane magnetic field
increases, and the lowest excited state transitions to the k = 0
subspace in the C and D phase, although an energy gap still
remains in a finite system. To determine if the neutral gap has
been eliminated, it is necessary to perform an extrapolation in

2.2 R 0.2
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04 & 0
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FIG. 8. The gap between the two lowest states in the kK = 0 sub-
space within the (w,, wy) plane, corresponding to v; /vs, as illustrated
in Fig. 2.

the thermodynamic limit. In the following, we calculate the
thermodynamic limit gap from analyzing the thermoelectric
Hall conductivity scaling.

Thermoelectric effects, which allow the direct transforma-
tion of heat energy into electrical power, are both fascinating
and useful. In a thermoelectric experiment, a temperature
gradient VT is established, causing the system to generate an
electrical current / to counteract its effect. The relationship be-
tween them is described by I; = —«;;V;T, where «;; denotes
the thermoelectric conductivity. In practical trials, it is typical
to determine the thermopower S, and Nernst coefficient S,,
which are linked to «;; by the equation S; = «;;pjx, where p
signifies resistivity. In the investigation conducted by Sheng
and Fu [66], the a,, was calculated for the FQH system in
torus geometry. They observed a non-Fermi liquid power-law
trend where o, varies as T with n approximately equal to 0.5
for the Fermi-liquid composite statesat v = 1/2 and v = 1/4.
For the Laughlin FQH state at v = 1/3, it was determined that
a,, decreases exponentially as a,, ~ exp(—AE /kgT) with
a neutral magnetoroton gap as the temperature nears zero.
We conducted a comparable analysis of fast-rotating dipo-
lar fermions in the FQH regime [67]. Here, we analyze the
thermoelectric Hall conductivity scaling at the same place in
parameter space as that in Fig. 7. Figure 9(a) illustrates the
variation in the size of the gap AE across various system sizes.
The gap for each system is extrapolated from the scaling be-
havior of oy, as varying the temperature as shown in Figs. 9(b)
and 9(c). Therefore, the thermodynamic limit extrapolation
indicates that the A/B phases exhibit a gap, whereas the C/D
phases do not. However, in phase D, there is still a very
small energy gap for finite systems, and thus the fitting of the
exponents is still satisfied.

D. Correlation function and guiding center structure factor

For the D phase in previous studies, all the quantities,
such as the nematic order, wave-function overlap, and energy
gap, are zero. To acquire additional details of these phases,
especially the CDW state in D phase, here we calculate the
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FIG. 9. (a) Finite-size scalings of the energy gap at parameters in
four phases. (b) and (c) display the thermoelectric Hall conductivity
a,, as varying the temperature for 6 — 8 electrons. In the inset of
(b) and (c), the low-temperature data is fitted using the relation o,
exp(—AE /kgT), allowing us to determine the energy gap AE.

pair correlation function as defined by

LL,
Ne(N, — 1) ; (gl =i +rply). ()

8(r) =
In Fig. 10, the g(r) values are plotted in four phases along the x
and y directions, respectively. In phase A, the pair correlation
functions show symmetry for o, = 0.0, indicating rotational
symmetry. The lack of symmetry becomes more noticeable in
phases B, C, and D. In particular, the values of g(r) along the
direction of y are almost identical in the anisotropic phases. In
phase D, the pair correlation function along the x direction
shows a nearly periodic oscillation pattern, a characteristic
feature of the CDW state.

As an extra diagnostic tool for the phases of state, it is
useful to consider the LLL projected guiding center static
structure factor, which is actually the Fourier transformation
of the pair correlation function:

1 , .
So@) = - D (e, ®)

e

iJj

(b) ©,=0.0 — 265 -
10.5 51.5

g(r)

FIG. 10. The ground state pair correlation function g(r) along the
(a) x and (b) y directions with parameters indicated by stars in Fig. 3.

FIG. 11. The static structure factor Sy(q) with parameters indi-
cated by stars in Fig. 3.

The results are shown in Fig. 11 also for the same param-
eters as above in each phase. The transition from a circular
to an elliptical contour of Sy(q) indicates the breakdown of
rotational symmetry. In Fig. 11(a), it is expected that the
So(q) exhibits symmetry in two directions, and a behavior
proportional to g* near the point ¢ = 0 indicates the presence
of an incompressible state with a gap. In Fig. 11(b), despite the
distinct appearance of Sp(q) in two orientations, its behavior
close to ¢ = 0 is also quartic, suggesting the presence of a
gapped anisotropic FQH state. Two sharp peaks appear in rest
phases, and they become more and more prominent as in-
creasing the in-plane field. This is similar to those previously
identified in n > 2 LL states [68], which are the hallmark of
CDW order. In particular, the phase D depicted in Fig. 11(d),
the two peaks are divergent, and the remaining portion of
So(q) are suppressed to almost zero, suggesting that the sys-
tem has transitioned into a fully 1D crystalline state. Those g
values of the peaks give the length scale of the unit cell in the
CDW phase.

To learn more about the CDW phase, we plot the 2D pro-
jection of Sp(q) for several Laughlin fillings v =1/(2n+ 1)
with a large in-plane magnetic field. As illustrated in Fig. 12,
it is interesting to observe that there are 2n peaks evenly
distributed along a line centered at ¢ = 0. This is strongly
suggestive of a tendency toward CDW ordering, as a CDW
responds strongly to an external potential modulation with a
wave vector that matches one of its reciprocal lattice vectors.
The fact that other peaks appear only at integer multiples of
the primary wave vector suggests that the CDW has a 1D
structure. This is quit nature since we apply the in-plane in one
direction. Similar phenomena were also previously observed
in Landau levels n > 2 at half filling [68].

IV. SUMMARIES AND CONCLUSIONS

In this work, we investigate the fate of the FQH states in
a realistic model considering the effects of the layer thickness
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FIG. 12. The 2D plot of the static structure factor for the Laugh-
lin filling v = (n=1,2,3,4)onthe 1LL in parameterized in D
phase.

1
2n+1

and an in-plane magnetic field. Based on solving the single
particle problem in this case, the electron-eletron interaction
could be expressed in generalized pseudopotentials. After
comparing several FQH states in the 1LL, we find that the
Ising nematic order reaches its peak at v = 7/3. By adjusting
the parameters wy and w,, which represent the layer thickness
and in-plane magnetic field, respectively, we calculate the
Ising nematic order, wave function overlap, energy gap, pair
correlation function, and the static structure factor. Finally, we
arrived at the schematic phase diagram illustrated in Fig. 3.
Initially, phase A exhibits an IFQH. By computing the overlap
with the isotropic FQH state, we confirm the high symmetry of
phase A. Furthermore, the unclosed energy gap and the Ising
nematic order parameter that is essentially zero further vali-
date the isotropic topological phase characteristics of phase A.

Subsequently, phase B demonstrates an AFQH. Unlike phase
A, phase B maintains an unclosed energy gap, yet its structural
factors, correlation functions, and nematic order parameters
exhibit distinct anisotropic features. Furthermore, the overlap
between phase B and the generalized Laughlin state is re-
markably high, reaching 96%. Next, phase C is identified as a
FQHN. Numerical analysis reveals that the rotational symme-
try of phase C is broken due to a nonzero Ising nematic order.
As the in-plane magnetic field increases, the roton minimum
corresponding to k &~ 1.4 gradually changes to k = 0. More-
over, in the long-wavelength limit, the energy gap at k — 0
decreases, even closing in the thermodynamic limit. Finally,
phase D exhibits the characteristics of a CDW. The CDW
phase is characterized by a periodic oscillation pattern of the
pair correlation function and sharp peaks in static structure
factor. These findings align with recent resonant inelastic light
scattering experimental observations and provide valuable
insights into the underlying physics of the FQH states in mi-
croscopic Hamiltonians. During the manuscript preparation,
we came across a recent study by Ref. [39] that introduced a
microscopic model for FQHN. This model demonstrates the
FQH-FQHN-CDW transition by adjusting the shortest-range
pseudopotential (vg for bosons and v; for fermions) of the
Coulomb interaction in the LLL. We argue that transition-
ing to the ILL represents a natural approach to reduce the
strength of the shortest-range pseudopotential compared to the
LLL. In our approach, the phase of the fractional quantum
Hall nematics is induced by an in-plane magnetic field rather
than occurring spontaneously. Our discoveries could provide
insight for similar experiments, particularly those involving
tilted fields.
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