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Simulating composite fermion excitons on a disk by density functional theory and Monte Carlo
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The Kohn-Sham density functional method for the fractional quantum Hall (FQH) effect has recently been
developed by mapping the strongly interacting electrons into an auxiliary system of weakly interacting composite
fermions (CFs) that experience a density-dependent effective magnetic field. This approach has been successfully
applied to explore the edge reconstruction, fractional charge, and fractional braiding statistics of quasiparticle
excitations. In this work, we investigate composite fermion excitons in the bulk of the disk geometry. By varying
the separation of the quasiparticle-quasihole pairs and calculating their energy, we compare the dispersion of the
exciton with results from other numerical methods, such as exact diagonalization (ED) and Monte Carlo (MC)
simulation. Furthermore, from the spectral function calculation, we identify chiral “graviton” excitations: a spin
−2 mode for the particle-like Laughlin state and a spin 2 mode for the hole-like Laughlin state. This method can
be extended to construct neutral collective excitations for other fractional quantum Hall states in disk geometry.
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I. INTRODUCTION

Since its discovery, the fractional quantum Hall (FQH)
effect has become a leading field for exploring topological
phases in strongly correlated systems [1,2]. Unlike the integer
quantum Hall (IQH) state, the topological order of FQH states
originates from electronic interactions, which gives rise to
unique features such as fractional charge excitations, frac-
tional statistics, topological ground-state degeneracy, gapless
chiral edge excitations, topological entanglement entropy, etc.
[3–6]. Among the most intriguing features of FQH systems
are their neutral collective excitations, which have garnered
significant attention due to the complex correlation physics
they exhibit [7,8]. The low-lying excitation spectrum in FQH
systems is characterized by a magnetoroton mode, which dis-
plays a well-defined roton minimum [8–10].

The pioneering work of Girvin, MacDonald, and Platzman
introduced the single-mode approximation (SMA) to describe
these lowest-energy neutral excitations in terms of a density
wave, known as the magnetoroton. This is analogous to Feyn-
man’s theory for a superfluid helium liquid [11,12]. Explicit
wave functions for the magnetoroton have been proposed
utilizing multicomponent composite fermion (CF) approaches
and Jack polynomials [7,13]. As the wave vector k → 0, the
magnetoroton mode merges into the continuum, making it
difficult to observe and raising questions about its existence.
Kohn’s theorem significantly implies that the dipole spec-
tral weight is entirely accounted for by the cyclotron mode,
rendering the SMA entirely ineffective at zero wave vector.

*Contact author: hyy@zhejianglab.com
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Consequently, long-wavelength collective excitations within
a Landau level are imperceptible to electromagnetic probes in
the linear response regime.

Haldane [14] pointed out that FQH states possess ge-
ometric degrees of freedom that are fundamental to their
low-energy properties. For two-body interactions, these ge-
ometric degrees of freedom can be described by a metric
that characterizes the “area preserving” quantum fluctuations
of topological composite particles within a single Landau
level. The long-wavelength collective excitations correspond
to oscillations of this geometry, possessing a spin angular
momentum of 2 [15–20], similar to gravitons in quantum
theories of gravity [21–23]. Recent studies have demonstrated
that the quench dynamics of the geometric metric can couple
the ground state and the magnetoroton mode [24]. Moreover,
Liou et al. [25] showed that these “gravitons” carry a definite
chirality, characterized by angular momentum of either −2
or 2, depending on whether the FQH state is electron-like
or hole-like. Additionally, Voinea et al. [26,27] discovered
that the magnetoroton mode of a ν = 1/3 bilayer system in
a transverse field is intertwined with the three-dimensional
Ising conformal field theory at conformal critical points on
the fuzzy sphere. During the past decade, experimentalists
have made significant progress in detecting these collective
modes [9,28–39]. In particular, polarized Raman scattering
experiments have revealed graviton-like excitations and their
chirality through resonant inelastic scattering peaks [40]. In
general, the topological orders of FQH liquids are probed at
the edge, based on the bulk-edge correspondence. However, a
range of partially understood complexities at the edge compli-
cates the interpretation of edge experiments, rendering them
difficult or sometimes unclear. It was proposed [41,42] that the
precise topological order of FQH liquids can be determined
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FIG. 1. A schematic of a single CF exciton on a disk, where the
stairs represent the � levels of CFs. This figure depicts the excitation
of a CF from the orbital with the largest angular momentum at the
nth � level to the orbital with angular momentum difference �M =
2 at the (n + 1)th � level. For the ν = 1/3 FQH state studied in this
paper, CFs occupy only the lowest two � levels.

through their graviton mode excitations in the bulk, which
deserves further investigation.

Most numerical studies of the FQH effect are performed
on closed manifolds, such as the sphere and torus, using exact
diagonalization (ED), density matrix renormalization group
(DMRG), or trial wave functions. A major limitation of these
approaches is their inability to incorporate effects such as
nonuniform background confinement fields and edge physics
in the simulation of a realistic two-dimensional electron gas.
Disk geometry, which naturally includes a physical boundary,
offers a complementary perspective, although its utility is
constrained by its lowest symmetry and smaller accessible
system sizes. To address these issues, a new approach based
on density functional theory (DFT) was recently developed
[43–47]. In applying DFT to the fractional quantum Hall
effect (FQHE), Hu et al. [43] reformulated the Kohn-Sham
(KS) equations in terms of the CF quasiparticles that emerge
as bound states of an electron and an even number of quan-
tized vortices based on the original CF theory [15,48]. This
CF-DFT approach accurately captures quantitative properties
such as the energies, densities, fractional charges, and frac-
tional statistics of the quasiparticles and quasiholes in the
FQHE. Although CF-DFT has been effective in studying these
properties, its application to neutral excitations, such as the
magnetoroton mode, has not yet been explored. Representing
the magnetoroton mode as a CF exciton—a pair of CF quasi-
particle and quasihole—introduces significant challenges in
disk geometry, particularly due to center-of-mass (COM) de-
generacy [49]. The CF state is given by �ν=n/(2pn+1)(B) =
PLLL�n(B∗)

∏
j<k (z j − zk )2, where �n(B∗) is the Slater de-

terminant of CFs in an IQH state occupying n effective
Landau levels (�Ls) in an effective magnetic field B∗. The
Jastrow factor represents vortex attachment to the CFs, and
PLLL projects the system into the lowest Landau level. For
a CF exciton, �n(B∗) must include a hole in the highest
occupied � level and a particle in the lowest unoccupied �

level. Constructing CF excitons in disk geometry introduces
COM degeneracy issues [49]. This work aims to construct
CF excitons in disk geometry, thereby extending the study of
excited states in this geometry. Using both DFT and Monte
Carlo (MC) methods, we compute the dispersion of the mag-

netoroton mode and compare our results with ED calculations.
Additionally, by calculating the spectral function, we identify
its chirality with spin two, validating the effectiveness of our
approach. Although it was demonstrated for the ν = 1/3 state,
this method can be generalized to explore neutral collective
excitations in a broader range of FQH states.

The remainder of this paper is organized as follow. In
Sec. II, we detail the construction of CF excitons on a disk
and outline our numerical methods, including DFT and MC.
Sec. III focuses on analyzing the magnetoroton excitation
using these techniques, while comparing the results with ED
data. In Sec. IV, we calculate the spectral function and confirm
the presence of the chiral graviton mode excitation. Finally,
we summarize our findings in Sec. V.

II. CF EXCITONS IN DISK GEOMETRY

A. Overview

We consider a disk geometry and assume a system with
rotational invariance. The single-particle orbital in a uniform
magnetic field �B = −Bẑ with the symmetric gauge is ex-
pressed as

ηn,m(z, B) = (−1)n

l

√
n!

2π2m(m + n)!

zm

lm
Lm

n

( |z|2
2l2

)
e− |z|2

4l2 ,

(1)

where the particle position is given by z = x + iy =
r exp(−imθ ), the effective magnetic length l = √

h̄c/eB, and
Lm

n is the associated Laguerre polynomial. The label n =
0, 1, . . . denotes the Landau level for electrons or the � level
for CFs, while m = −n,−n + 1, . . . indicates the angular
momentum.

For Jain’s sequence at filling ν = n/(2n ± 1), each electron
binds to two flux quanta to form a CF, which experiences
a reduced effective magnetic field B∗ = (1 − 2ν)B. The cor-
responding effective magnetic length is l∗ = √

h̄c/eB∗. The
low energy physics, including the ground states, charge ex-
citations, and neutral excitations, can be described by CFs
occupying � levels in this effective magnetic field [15]. In
the CF framework, a quasihole is formed by vacating an
orbital in occupied �Ls, while a quasiparticle is constructed
by occupying an orbital in the unoccupied �Ls. A single
CF exciton, consisting of a quasiparticle-quasihole pair, is
schematically illustrated in Fig. 1. For the ν = 1/3 FQH state,
the CFs occupy only the 0�L. Thus, a single CF exciton is
created by exciting a CF from the orbital with the maximum
angular momentum in the 0�L to an orbital with angular
momentum m in the 1�L. Meanwhile, the remaining CFs
occupy orbitals with angular momentum 0, 1, . . . , Ne − 2 in
the 0�L. The total angular momentum of the system is given
by Mm = (Ne−1)(Ne−2)

2 + m + Ne(Ne − 1), where the first two
terms account for the total angular momentum of the CFs,
and the third term represents the contribution of the angular
momentum of the flux. Throughout this work, we use the
label �M = Mgs − Mm, where Mgs = 3Ne(Ne−1)

2 is the angular
momentum of the ground state. Notably, we do not impose
the constraint that the exciton state is an eigenstate with zero
COM angular momentum.

195139-2



SIMULATING COMPOSITE FERMION EXCITONS ON A … PHYSICAL REVIEW B 111, 195139 (2025)

B. DFT method for CF excitons

We review the CF DFT framework and an analysis of the
differences in treating CF exciton states versus ground states
using DFT. According to Ref. [43], the KS equations for
composite fermions are expressed as

[T ∗ + V ∗
KS(�r)]ψα (�r) = εαψα (�r), (2)

where the KS potential is given by V ∗
KS(�r) = VH(�r) +

Vext (�r) + V ∗
xc(�r) + V ∗

T (�r). The detailed forms of these poten-
tials are provided in Appendix A. The rotational symmetry
gives a conserved angular momentum. Consequently, the KS
orbitals can be formally written as

ψα (�r) = Rα (r)√
2πr

e−imαθ , (3)

which could be obtained by solving Eq. (2) using the finite dif-
ference method. The explicit forms of T ∗ and V ∗

T are derived
in Appendix B. For orbitals with mα = 0, the finite difference
method is less effective due to the singularity at �r = 0. In such
case, we adopt a basis expansion method, which is discussed
in Appendix C.

The CF density is computed as ρ(�r) = ∑
α cα|ψα (�r)|2. At

zero temperature, all occupied orbitals have cα = 1, and the
total number of electrons is

∑
α cα = Ne. By combining the

methods described in the Appendices B and C, the KS equa-
tions in Eq. (2) are solved self-consistently using the standard
KS-DFT iterative procedure, detailed in Appendix D. The to-
tal energy of the system consists of the following components:

E = E∗
xc + E∗

T + EH + Eext + Ebb (4)

with

E∗
xc =

∫
d�r εxcρ(�r)

=
∫

d�r [a(2π )1/2ρ3/2 + (2b − f )πρ2 + gρ],

E∗
T =

∑
α

〈ψα|T ∗|ψα〉,

EH = 1

2

∫
d�r

∫
d�r ′ ρ(�r′)ρ(�r)

|�r − �r′| ,

Eext =
∫

d�r Vextρ(�r), Ebb = 8Ne

3π

√
Ne

6
. (5)

Here, EH, Eext, and Ebb represent the electron-electron,
electron-background, and background-background interac-
tions, respectively. E∗

T is the kinetic energy of the CFs, and
E∗

xc is the exchange correlation energy, which corrects the
discrepancies between the auxiliary system and the real sys-
tem in terms of kinetic energy and interaction energy. For a
homogeneous ground state, only Exc = E∗

xc + E∗
T contributes

in the thermodynamic limit, as all other terms cancel out, i.e.,
limNe→∞ E/Ne = Exc/Ne.

For the excited state at ν = 1/3, we determine the en-
ergy of CF excitons by varying the quasiparticle positions,
namely total angular momentum, as illustrated in Fig. 1, while
keeping other orbitals fixed. This is achieved by solving the
corresponding KS equations for each configuration. Specifi-
cally, the creation of a CF exciton involves removing a CF
from the lowest � level with angular momentum Ne − 1 and
placing it into the first � level with angular momentum m.
The remaining CFs occupy the lowest � level with angular
momentum ranging from 0 to Ne − 2.

In addition to the conventional DFT scheme described
above, such treatment of excitations can also be justified
through the so-called constrained DFT formalism [50], whose
accuracy would be determined in principle by the accompa-
nying exchange correction energy in use.

C. MC method for CF excitons

The ground state wave function of ν = 1/3 is constructed
as described in Refs. [15,48,51–54]:

�1/3 =

∣∣∣∣∣∣∣∣∣∣

η0,0(z1, B∗) η0,0(z2, B∗) η0,0(z3, B∗) · · ·
η0,1(z1, B∗) η0,1(z2, B∗) η0,1(z3, B∗) · · ·
η0,2(z1, B∗) η0,2(z2, B∗) η0,2(z3, B∗) · · ·

...
...

...
...

η0,Ne−1(z1, B∗) η0,Ne−1(z2, B∗) η0,Ne−1(z3, B∗) · · ·

∣∣∣∣∣∣∣∣∣∣

⎡
⎣∏

j<k

(z j − zk )e
−∑

j
|z j |2
4l21

⎤
⎦

2

, (6)

where l∗ = √
3l , l1 is the magnetic length at ν = 1, and, according to CF theory, we have 1/l∗2 + 2/l2

1 = 1/l2. At ν = 1/3, it
follows that l1 = l∗. Inspired by the quasiparticle and quasihole wave functions, we construct the trial wave function for a single
CF exciton as:

�1/3,exciton
m = PLLL

∣∣∣∣∣∣∣∣∣∣

η1,m(z1, B∗) η1,m(z2, B∗) η1,m(z3, B∗) · · ·
η0,0(z1, B∗) η0,0(z2, B∗) η0,0(z3, B∗) · · ·
η0,1(z1, B∗) η0,1(z2, B∗) η0,1(z3, B∗) · · ·

...
...

...
...

η0,Ne−2(z1, B∗) η0,Ne−2(z2, B∗) η0,Ne−2(z3, B∗) · · ·

∣∣∣∣∣∣∣∣∣∣

⎡
⎣∏

j<k

(z j − zk )e
−∑

j
|z j |2
4l21

⎤
⎦

2

. (7)

Here m denotes the angular momentum of the quasiparticle in the 1�L. We employ the standard Jain-Kamilla (JK) projection
method [55,56], a computationally efficient approximate method for implementing the LLL projection.

195139-3



YANG, PU, HU, AND HU PHYSICAL REVIEW B 111, 195139 (2025)

Upon projection, the trial wave function for the exciton becomes:

�1/3,exciton
m =

∣∣∣∣∣∣∣∣∣∣

PLLL[η1,m(z1, B∗)J1] PLLL[η1,m(z2, B∗)J2] PLLL[η1,m(z3, B∗)J3] · · ·
η0,0(z1, B∗)J1 η0,0(z2, B∗)J2 η0,0(z3, B∗)J3 · · ·
η0,1(z1, B∗)J1 η0,1(z2, B∗)J2 η0,1(z3, B∗)J3 · · ·

...
...

...
...

η0,Ne−2(z1, B∗)J1 η0,Ne−2(z2, B∗)J2 η0,Ne−2(z3, B∗)J3 · · ·

∣∣∣∣∣∣∣∣∣∣
e
−∑

j
|z j |2
2l21 , (8)

where JN = ∏
j 
=N (zN − z j ) and

PLLL[η1,m(zN , B∗)JN ] =
(l∗2 − 1)(m + 1)zm

N − zm+1
N

∑
j 
=N

1
zN −z j

l∗m+3

∏
k 
=N

(zN − zk )

√
1

2π2m(m + 1)!
e− |zN |2

4l∗2 . (9)

We utilized the Metropolis MC algorithm [57–59] to sam-
ple these wave functions. The total energy of the system is
composed of three components:

E = Eee + Eeb + Ebb,

Eee =
〈
�1/3,exciton

m

∣∣∑
i< j

1
|zi−z j |

∣∣�1/3,exciton
m

〉
〈
�

1/3,exciton
m

∣∣�1/3,exciton
m

〉 ,

Eeb =
〈
�1/3,exciton

m

∣∣∑Ne
i=1 Vext (zi )

∣∣�1/3,exciton
m

〉
〈
�

1/3,exciton
m

∣∣�1/3,exciton
m

〉 ,

Ebb = 8Ne

3π

√
Ne

6
. (10)

Here, the potential Vext (z) is consistent with the definition
provided in the DFT section. All results presented in this
paper are obtained by discarding 1 000 000 thermalization
MC samples and using approximately 105 MC samples for
statistical averaging.

D. Ground state energy per particle

We calculate the ground state energy for systems of various
sizes at ν = 1/3 and perform an extrapolation to the thermo-
dynamic limit. These states are constructed by placing the
CFs at the lowest � level, with angular momentum ranging
from 0 to Ne − 1. The computed results are shown in Fig. 2.
The extrapolated energies per particle obtained from DFT,
−0.41026 ± 0.00003, and from MC, −0.40666 ± 0.00006,
align well with the value ε ≈ −0.41015 reported in previous
studies by other methods [58,60,61]. It is worth mentioning
that the DFT calculations incorporate Coulomb interactions
using the local density approximation (LDA), which results in
a lower energy than the realistic Coulomb interaction. This is
evident from the fact that the DFT points in Fig. 2 lie below
the ED points.

Using the configurations of the excited states and trial
wave functions, we are then able to calculate the density and
energy of the magnetoroton mode. This approach allows us
to explore the intricate properties of FQH states, particularly
focusing on the collective excitations that play a crucial role
in understanding the system’s dynamics and topology.

III. MAGNETOROTON DISPERSION

Based on the methods outlined in Secs. II A, II B, and
II C, we construct CF exciton states and analyze their density
profiles and energy dispersion. We first present the density
profiles of several exciton states. The results are shown in
Fig. 3. The inset illustrates the charge accumulation, defined
as C = ∫

dr(1/3 − 2πρ)r, for the largest �M. This indicates
the formation of a quasiparticle carrying a fractional charge
e/3 at the center of the disk. Notably, differences in density
profiles are observed between the two numerical methods,
particularly at the edges. The DFT results, which incorporate
Coulomb interactions, exhibit more pronounced density os-
cillations compared to the relatively smoother density profile
produced by the MC method, which corresponds to model
wave functions.

Next, we calculate the energy of the exciton states de-
picted in Fig. 4, along with those obtained from the ED with
Coulomb interactions for comparison. The horizontal axis is
defined as k = �M/

√
6Ne, where

√
6Ne is the radius of the

disk. In this case, we find that data of different sizes from
the same numerical method collapse into a single disper-
sion curve. As an example, we show the roton energies for

FIG. 2. The ground state energy per electron at ν = 1/3 from
three methods. The extrapolated values in the thermodynamic limit
obtained from DFT (−0.41026 ± 0.00003) and MC (−0.40666 ±
0.00006) agree well with previous reported value ε ≈ −0.41015
[58,60,61].
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FIG. 3. CF exciton density profiles from DFT (a) and MC (b) for Ne = 50 at ν = 1/3. Three distinct exciton densities are shown in both
panels. The insets illustrate the charge accumulation C for the largest �M, corresponding to the creation of a quasiparticle with charge e/3 at
the center of the disk. Notable differences are observed, particularly at the edges.

systems with 50 and 100 electrons using the DFT method.
The results from all three numerical methods—DFT, MC, and
ED—exhibit consistent trends, including an identical roton
minimum and energy gap. However, the limited system size
in the ED calculations restricts the accurate determination of
the charge gap, although the neutral gap is estimated to be
approximately 0.008. As �M increases, the energy spectrum
flattens, corresponding to a greater spatial separation between
the quasihole and quasiparticle. In this regime, the energy
gap represents the charge gap. Furthermore, the similar trend
in energy dispersion between the DFT and the MC methods
may be attributed to a correspondence between the matrix
elements of FQHE and IQHE, as noted in Ref. [51]. In par-
ticular, for a single δ impurity and single excitation in an
otherwise clean system, a numerical similarity between FQHE
and IQHE matrix elements has been observed. For multiex-
citation scenarios, Ref. [51] suggests that a self-consistent
treatment of the effective magnetic field for the IQHE of CFs
via DFT is necessary, as we have implemented in our work.

FIG. 4. The exciton energy of CF from three different methods.
For sufficiently large systems, such as those containing 50 and 100
electrons in DFT, the data converge onto a single curve. Furthermore,
the position of the roton minimum remains consistent across all the
methods used. The deviation between DFT and MC in the long-
wavelength limit stems from DFT’s inability to enforce the LLL
projection.

This nontrivial correspondence implies a deeper connection
between the IQHE and FQHE, and it is expected to hold in
the presence of weak disorder. Despite this similarity, notable
discrepancies between the DFT and MC results emerge as
k decreases, primarily due to DFT’s inability to enforce the
LLL projection. This discrepancy is also evident in the density
profiles as shown in Fig. 3, where density variations are most
pronounced at the system’s edge in the long-wavelength limit.

These analyses demonstrate that DFT and MC methods
provide complementary insights into the density and energy
characteristics of CF excitons. Moreover, the systematic com-
parison with ED results underscores the robustness of these
numerical techniques for studying collective excitations in
FQH systems. It is important to highlight that the roton gap is
considerably smaller in comparison to that in compact struc-
tures such as spheres and tori. This reduction occurs because
we have fixed the quasihole at the boundary, as illustrated in
Fig. 1. This particular quasihole state has energy significantly
lower than in compact surfaces, going as low as zero in the
model Hamiltonian with V1 Haldane pseudopotential. In com-
pact geometries such as a sphere, the energies of quasihole
and quasiparticle excitations are in the same order. However,
in the disk geometry, this disparity stems from the breaking
of particle-hole symmetry due to the presence of an open
boundary at the edge. Consequently, the exciton excitation we
examine here resembles a magnetoroton mode close to the
quantum Hall edge, which has lower energy than that in the
bulk.

IV. SPECTRAL FUNCTION ANALYSIS

In this section, we explore the “graviton” excitation with
spin two by examining the long-wavelength limit of neu-
tral collective excitations in FQH systems. According to
Haldane’s geometric description, these long-wavelength col-
lective excitations in the FQH state appear as oscillations of
its intrinsic geometric metric. Notably, the quantum of these
oscillations carries a spin angular momentum of 2, similar
to the gravitons in quantum gravity theory. Moreover, it was
found that these “gravitons” carry a definitive chirality (or
angular momentum) which is either −2 or +2, depending
on whether the FQH liquid is electron-like or hole-like. This
was recently observed in the spectra of the polarized Raman
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scattering process [40]. Numerically, this excitation is evident
as resonance peaks in the spectral function [25,41,62], which
is defined as

Iσ (M ) =
∑

m

∣∣〈�1/3,exciton
m

∣∣Ôσ |�1/3〉
∣∣2

δ(M − Mm), (11)

where |�1/3〉 denotes the ground state at ν = 1/3, and
�1/3,exciton

m represents the CF exciton states with total angular
momentum Mm, as defined in Eq. (8). This spectral function
serves as an analog to the oscillating metric of gravitational
waves. We evaluate the spectral function as a function of the
total angular momentum for the full CF exciton branch rather
than as a function of energy for all eigenstates, which makes
Eq. (11) different from its original definition in Ref. [25]. In
disk geometry, the chiral nature of the “graviton” excitations
can be characterized by the following operators:

Ô+ =
∑
M

|m + 2,M〉〈m,M|,

Ô− =
∑
M

|m,M〉〈m + 2,M|. (12)

where |m,M〉 denotes a two-body state with COM angular
momentum M and relative angular momentum m.

In this work, we focus solely on the fermionic Laughlin
state, for which m = 1. The specific actions of these operators
are as follows: Ô− creates excitations with angular momentum
−2, corresponding to the angular momentum of the “gravi-
ton” mode. In contrast, Ô+ creates excitations with angular
momentum 2 by converting a pair of particles with relative
angular momentum m into m + 2. This process annihilates the
ν = 1/3 Laughlin state, causing I+(M ) to vanish.

Using MC simulations, We calculate the chiral spectral
functions I+(M ) and I−(M ), with |�1/3|2 as the sampling
function. We then perform a thermodynamic limit extrapo-
lation of peak values for different system sizes. The results
are normalized by the factor 〈�1/3|Ô†

σ Ôσ |�1/3〉. As shown
in Fig. 5, I−(M ) exhibits a pronounced peak at �M = 2,
indicating the presence of a spin −2 “graviton” excitation. In
contrast, all other positions of I−(M ) and all values of I+(M )
are zero. As the number of electrons increases, the graviton
mode in the �M = 2 space involves a greater number of
excited states, leading to a reduction in the peak amplitude.

We also calculate the spectral function for the ν =
2/3 state, which is the particle-hole conjugate of the 1/3
state and exhibits opposite chirality. This 2/3 state can be
constructed by considering composite fermions at filling fac-
tor ν∗ = n + 1 in a negative effective magnetic field [63].
The corresponding trial wave functions for its excitons are
given by

�2/3,exciton
m = PLLL

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣

η∗
0,0(z1, B∗)J (z1) η∗

0,0(z2, B∗)J (z2) η∗
0,0(z3, B∗)J (z3) · · ·

...
...

...
...

η∗
0,Ne/2−1(z1, B∗)J (z1) η∗

0,Ne/2−1(z2, B∗)J (z2) η∗
0,Ne/2−1(z3, B∗)J (z3) · · ·

η∗
1,−1(z1, B∗)J (z1) η∗

1,−1(z2, B∗)J (z2) η∗
1,−1(z3, B∗)J (z3) · · ·

...
...

...
...

η∗
1,Ne/2−3(z1, B∗)J (z1) η∗

1,Ne/2−3(z2, B∗)J (z2) η∗
1,Ne/2−3(z3, B∗)J (z3) · · ·

η∗
2,m(z1, B∗)J (z1) η∗

2,m(z2, B∗)J (z2) η∗
2,m(z3, B∗)J (z3) · · ·

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
e
−∑

j
|z j |2
2l21 . (13)

We apply the JK projection method, the same as for the
ν = 1/3 state. However, due to the computational complexity
of PLLL, which involves taking Neth derivatives, we present
results only for small systems. The outcomes are shown in
Fig. 6. A unique peak in I+(M ) at �M = 2 confirms the
presence of a spin +2 graviton mode excitation with opposite
chirality compared to the 1/3 state.

Our results can be directly related to a recent experiment
[40] in which inelastic light scattering with circularly polar-
ized light was used to probe neutral collective modes in the
FQH regime. Their measurements revealed chiral graviton
mode excitations at filling fractions ν = 1/3 and ν = 2/3,
corresponding to spin −2 and +2 modes, respectively. This
experimental finding is in excellent agreement with our spec-
tral function calculations, where we identify the spin −2 mode
for the particle-like Laughlin state and the spin +2 mode
for its hole-like conjugate state. It provides strong theoretical
support for the interpretation of the observed Raman peaks as
signatures of chiral graviton excitations.

V. SUMMARIES AND DISCUSSIONS

We have developed a method for constructing CF excitons
in disk geometry for a FQH state at ν = 1/3. By calculating
the dispersion with both DFT and MC techniques and com-
paring them to ED, we have demonstrated consistent roton
minimum and energy gaps across all three methods. The
overall similarity in the trend of exciton dispersion between
the DFT and MC methods is expected, given the nontrivial
correspondence between the IQHE of CFs and the FQHE of
electrons. However, the significant discrepancy observed in
the long-wavelength limit between DFT and MC is attributed
to the inability of DFT to enforce the LLL projection. Fur-
thermore, our calculations of the spectral function reveal a
clear peak in I−(M ), confirming the presence of a spin −2
“graviton” excitation. We also show that the 2/3 state hosts
a graviton mode with opposite chirality compared to the 1/3
state. This method is extendable to the entire Jain series, such
as ν = 2/5, 3/7 states, and can accommodate more complex

195139-6



SIMULATING COMPOSITE FERMION EXCITONS ON A … PHYSICAL REVIEW B 111, 195139 (2025)

FIG. 5. Spectral function for Ne = 50 electrons from MC. The
horizontal axes of I+(M ) and I−(M ) are shifted by 0.1 units to the
right and left, respectively. The distinct peak in I−(M ) at �M = 2
confirms the presence of a chiral graviton mode with spin −2. The
inset shows the extrapolation of the peak values of I−(M ) at �M = 2
to the thermodynamic limit.

excitations involving higher � levels, such as spin-4 CF exci-
tons. Additionally, we note that the state we considered aligns
with the scenario described in a recent work [18], where the
equivalence between GMP and CF “graviton” descriptions
is proposed. In their work, for more complex FQH states,
such as those at filling factor ν = 2/9, in addition to the
CF exciton mode, there also exists a parton mode, adding
another layer of complexity to the excitation spectrum. This
not only enriches the understanding of FQH states but also
enables the exploration of more intricate structures, providing
a comprehensive framework for investigating a wide range of
FQH excitations. Finally, as highlighted in Ref. [19], unlike
model interactions, the collective excitations under Coulomb
interaction will likely involve multiple chiral graviton modes.
This complexity means that the spectral function may exhibit

FIG. 6. Spectral function obtained from MC simulations for
Ne = 10 electrons at ν = 2/3. The horizontal axes of I+(M ) and
I−(M ) are shifted by 0.1 units to the right and left, respectively. A
distinct peak in I+(M ) at �M = 2 confirms the presence of a chiral
graviton mode with spin +2, with chirality opposite to that of the
ν = 1/3 state.

numerous resonance peaks, posing significant challenges to
both theoretical analysis and numerical simulations. Address-
ing these challenges and refining our understanding of these
resonance structures is a promising direction for future re-
search.
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APPENDIX A: DETAILED METHODOLOGY
FOR CF KS-DFT CALCULATIONS

The explicit forms of the terms used in calculating the total
energy are the following:

T ∗ = 1

2m∗
(

�p + e

c
�A∗(�r )

)2
,

VH(�r) =
∫

d�r′ ρ(�r ′)
|�r − �r ′| ,

Vext (�r) =

⎧⎪⎨
⎪⎩

−
√

2
3 Ne

2E ( r2

6Ne
)

π
, r√

6Ne
� 1,

−
√

2
3 Ne

2F1( 1
2 , 1

2 ;2; 6Ne
r2 )

2r/
√

6Ne
, r√

6Ne
� 1,

V ∗
xc(�r) = δE∗

xc

δρ

= 3

2
a[2π l2ρ(�r)]

1
2 + (2b − f )[2π l2ρ(�r)] + g,

V ∗
T (�r) =

∑
α

cα〈ψα| δT ∗

δρ(�r)
|ψα〉. (A1)

The parameters for the LDA exchange-correlation en-
ergy we used are a = −0.78213, b = 0.2774, f = 0.33,
g = −0.04981. The effective vector potential is given by
�A∗(r) = 1

r

∫ r
0 r′B∗(r′)dr′�eθ , where ∇ × �A∗(r) = B∗(r)�ez =

[B − 2ρ(r)φ0]�ez. Here, ρb = ν0/2π l2 denotes the uniform
background charge density distributed over a disk of radius
Rb, such that πR2

bρb = Ne. For the 1/3 Laughlin state, ν0 =
1/3. The distance between the background layer and the elec-
tron liquid is denoted by d , and in this work we set d = 0.
The parameter α represents both the angular momentum and
the energy level of the single-particle orbital. The external
potential Vext (�r) is computed as described in Ref. [58].
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APPENDIX B: DETAILS OF T ∗ AND V ∗
T

The normalized KS orbitals are given by

ψα (�r) = Rα (r)√
2πr

exp(−imαθ ). (B1)

In polar coordinates, the Hamiltonian H∗ = T ∗ + V ∗
KS(r) in Eqs. (2) and (A1) is

H∗ = 1

2m∗
(

�p + e

c
�A∗(�r)

)2
+ V ∗

KS = 1

2m∗

[
− h̄2

(
∂2

∂r2
+ 1

r2

∂2

∂θ2
+ 1

r

∂

∂r

)
+ h̄e

c
B(r)

L̂z

h̄
+ e2

c2

r2B2(r)

4

]
+ V ∗

KS, (B2)

where B(r) = 1
πr2

∫ r
0 2πr′B∗(r′)dr′. Applying Eq. (B1) yields

∂

∂r
ψα = ∂

∂r
Rα

exp(−imαθ )√
2πr

− Rα exp(−imαθ )
1

2
√

2πr3
,

∂2

∂r2
ψα = ∂2Rα

∂r2

exp(−imαθ )√
2πr

− 1√
2πr3

∂Rα

∂r
exp(−imαθ ) + 3

4
√

2πr5
Rα exp(−imαθ ). (B3)

Using H∗ψα = εαψα and setting l2 = h̄c
eB = 1, the KS equation becomes

1

2m∗

{
−h̄2

(
∂2

∂r2
− 1

r

∂

∂r
+ 3

4r2
+ 1

r

∂

∂r
− 1

2r2
− m2

α

r2

)
+ e2

c2

r2B2(r)

4
− h̄e

c
mαB(r)

}
Rα (r) + V ∗

KSRα (r) = εαRα (r). (B4)

Using 1
2 h̄ωBl2 = h̄2

2m∗ , we obtain

1

2
h̄ωB

[
− ∂2

∂ (r/l )2
+ m2

α − 1/4

(r/l )2
+ (r/l )2B2(r)

4B2
− mα

B(r)

B

]
Rα (r) + V ∗

KSRα (r) = εαRα (r), (B5)

where L̂z = −ih̄ ∂
∂θ

and 〈Lz〉 = −mα h̄. It is important to note that 〈Lz〉 = ±mα h̄ depends on the definition of the wave function
ψα (�r) = Rα (r)√

2πr
exp(±imαθ ). The radial wave function Rα satisfies the one-dimensional equation

H̃∗
mα

(r̄)Rα (r̄) = εαRα (r̄) (B6)

where r̄ = r/l , and the Hamiltonian is

H̃∗
mα

(r̄) = V ∗
KS + T ∗ = V ∗

KS + 1

2
h̄ωB

[
− ∂2

∂ r̄2
+ m2

α − 1
4

r̄2
− mα

B(r̄)

B
+ B2(r̄)

B2

r̄2

4

]
. (B7)

The potential V ∗
T is given by

V ∗
T (�r) =

∑
α

cα〈ψα| δT ∗

δρ(�r)
|ψα〉 = 1

2
h̄wB

∑
α

cα

∫
dr′Rα (r′)

(
4mαl2

B

r′2 − 2
B(r′)

B

)
θ (r′ − r)Rα (r′). (B8)

The vector potential and its functional derivative are

A∗(r) = B

2πr

∫ (
1 − 4πρl2

B

)
d2r′,

∂A∗(r)

∂ρ(r′′)
= − φ0

πr
θ (r − r′′), (B9)

where θ (r) is the step function. Eq. (B7) can be solved numerically for each angular momentum mα 
= 0 using the finite-
difference method.

APPENDIX C: DETAILS OF mα = 0 SUBSPACE

For mα = 0, we alternatively use a basis expansion method.
The matrix form of H̃∗

m0
can be obtained using the basis

set H0 = {ηn,m=0(�r,B0), n = 0, 1, . . . , NL} in the angular mo-
mentum m = 0 subspace, where the basis ηn,m(�r,B0) are LL
wave functions defined in Eq. (1) with lB0 , and NL is the cutoff
for �L, which is fixed at NL = 30.

We now describe how lB0 is determined. In the H0 sub-
space, we can express the matrix elements H∗

(n′,n) as

H∗
(n′,n) = T ∗

(n′,n) + V ∗
KS(n′,n),

T ∗
(n′,n) = 〈ηn′,0(�r,B0)|T0 + V0|ηn,0(�r,B0)〉

= h̄ωB0

(
n + 1

2

)
δn′n + 〈ηn′,0(�r,B0)|V0|ηn,0(�r,B0)〉,

V ∗
KS(n′,n) = 〈ηn′,0(�r,B0)|V ∗

KS|ηn,0(�r,B0)〉, (C1)

where

T0 = 1

2
h̄ωB0

[
∇2

r/lB0
+ L̂z

h̄
+ (r/lB0 )2

4

]
,

V0 = 1

2
h̄ωB0

[
B(r) − B0

B0

L̂z

h̄
+ 1

4

B2(r) − B2
0

B2
0

(r/lB0 )2

]
,

(C2)
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where ωB0 = eB0
m∗c . After diagonalizing H∗

(n′,n), we obtain the
eigenfunctions cn′,n and eigenvalues εn,0. The single CF orbital
with mα = 0 can then be expressed as a linear superposition
of these eigenfunctions:

ψn,0(�r) =
NL∑

n′=0

cn′,nηn′,0(�r,B0). (C3)

A reasonable choice for B0 is given by

h̄
eB0

m∗c
= �m=−1 + �m=1

2
, (C4)

where �m=±1 represents the average cyclotron energy gap
between the lowest two energy levels in the m = ±1 angular
momentum subspace, as obtained using the finite difference
method. This approximation is valid because orbitals with
m = 0 are spatially overlapping with those of m = ±1 and
therefore experience a similar effective magnetic field.

APPENDIX D: ITERATIVE PROCEDURE OF DFT

The iterative procedures for KS-DFT is as follows:
(1) Initialization: Start with an initial density ρin, typically

set to the background density.
(2) Calculation: Determine T ∗ and V ∗

KS(�r) for correspond-
ing orbitals, and diagonalize the Hamiltonian to obtain the
KS orbitals. These orbitals yield an output density ρout =∑

n,m cn,m|ψn,m|2, where cn,m is the occupation number for the
KS orbitals labeled by {n, m}.

(3) Convergence check: Calculate the relative difference

� =
∫

d�r|ρout−ρin|
N . The density ρout is considered converged if

� < 10−5.
(4) Update: If convergence is not achieved, update the

input density ρ ′
in by mixing the output density with the previ-

ous input density: ρ ′
in = λρin + (1 − λ)ρout, where the mixing

coefficient λ = 0.95 is used. Repeat the iterative process until
convergence is achieved.
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