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Dynamics of fractional quantum Hall liquids with a pulse at the edge
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Motivated by recent experimental advancements in scanning optical stroboscopic confocal microscopy and
spectroscopy measurements, which have facilitated exceptional energy-space-time resolution for investigating
edge and bulk dynamics in fractional quantum Hall systems, we formulated a model for the pump-probe process
on the edge. Starting with a ground state, we applied a tip potential near the fractional quantum Hall liquid edge,
which was subsequently turned off after a defined time duration. By examining how the specific nature of the tip
potential influences the evolution of the wave function and its distribution in energy spectrum, we identify that
quench dynamics of the edge pulse leads to excitations that spread both along the edge and perpendicularly into
the bulk. Moreover, magnetoroton excitations are predominant among the bulk excitations. These results align
well with the experimental observations. Furthermore, we analyzed the effects of the tip’s position, intensity, and
duration on the dynamics.
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I. INTRODUCTION

The fractional quantum Hall effect (FQH), distinguished
by topologically protected gapped bulk states and gapless
chiral edge states, has become an important framework for
investigating novel quantum phenomena within strongly cor-
related topological systems [1,2]. This contrasts with its
integer counterpart, which features as noninteracting state.
Due to the exotic properties of the FQH phase, such as frac-
tional charge, fractional statistics, and topological order, its
potential applications in areas such as topological quantum
computing have attracted widespread attention [3–7]. The
FQH state is characterized by compressible metallic edge
states and a bulk that is incompressible and insulating. Since
the magnetic field breaks time-reversal symmetry, edge modes
propagate in only one direction, and conduction is limited
to the edges, which can theoretically be described by chiral
Luttinger liquid [8,9]. In contrast to the edges, the bulk of
the FQH liquid is topologically protected, which is immune
to any local perturbation. Thus the excitation in the bulk is
also gapped. Girvin et al. introduced the single-mode approx-
imation (SMA) to describe the low-energy excitations in the
bulk, which are neutral magneto-roton excitations [10–12].
Detecting neutral excitation experimentally poses significant
challenges. The bulk-edge correspondence implies that edge
modes are typically vital for examining the topological prop-
erties of FQH liquids. [13–31].

Excitations at the edge are also known as edge magne-
toplasmons (EMPs) or charge density waves, where voltage
pulses applied at the edge of a Hall liquid are converted into
EMP wave packets and transmitted along the edge adjacent
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to the injection pulse [32–36]. In general, edge excitations
dominate the system’s low-energy behavior and possess rich
physics, such as anyon statistics [3,15–19], edge reconstruc-
tion [20–25], edge tunneling [26–30], and charge-neutral
upstream Majorana modes of edge currents [31]. Due to chiral
edge modes with edge velocity [37], the properties of edge
states are typically measured using shot noise [25,31,38], and
thermal transport [39–42], which are basically static mea-
surements. Recent experimental advances in scanning optical
stroboscopic confocal microscopy and spectroscopy [43–46]
have enabled unprecedented energy-space-time resolution to
probe edge and bulk dynamics in FQH systems. For example,
pump probe reflectance measurements with ∼1 ps temporal
resolution revealed distinct EMP modes and nonlinear excita-
tions propagating at velocities of ∼104–105 m/s at ν = 1/3,
while time-resolved photoluminescence (PL) spectroscopy
highlighted the role of trion lifetimes in limiting temporal
resolution (100–300 ps) for edge-state imaging. These studies
demonstrated that voltage pulses applied to gate electrodes
can generate chiral EMPs whose propagation dynamics reflect
the Tomonaga-Luttinger liquid behavior of edge channels.
Complementary experiments using spatially resolved PL mi-
croscopy visualized bulk magnetoroton excitations (103–104

m/s) and strain pulses, highlighting the interaction between
edge and bulk collective modes in the ν = 2/3 FQH regime
[45,46]. Notably, perturbations near the edge, such as gate-
induced charge density modulations, were shown to excite
both chiral edge waves and bulk modes, with the latter
exhibiting velocity dependencies tied to the dielectric envi-
ronment and Landau-level mixing. However, the microscopic
mechanisms that govern the response of the edge to local-
ized potentials, such as tip-induced confinement or disorder
[47–51], remain poorly understood. Numerical studies of edge
dynamics under tailored tip potentials could bridge this gap,
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offering insights into edge reconstruction, nonlinear excita-
tions, and emergent spacetime metrics predicted in quantum
gravity analogs. By validating experimental observations and
extending them to atomistic or field-theoretic models, such
simulations may elucidate how localized perturbations modify
edge-state coherence, fractional statistics, and energy trans-
port, which are critical for advancing FQH-based quantum
technologies and fundamental physics.

In this work, we numerically investigate the quench dy-
namics of a ν = 1/3 Laughlin state under a time-limited
tip potential at the edge. By solving the time-dependent
Schrödinger equation for a disk geometry with tunable pulse
parameters (position w, duration τ , and strength Uδ), we
demonstrate that localized perturbations induce (i) chiral edge
currents, (ii) bulk diffusion mediated by magnetoroton ex-
citations, and (iii) oscillations in quantum fidelity governed
by energy gaps in the rotor spectrum. Our simulations reveal
that pulse positioning near electron density maxima enhances
bulk-state hybridization, while pulse duration and strength
modulate excitation amplitudes through interference effects.
These results establish a framework for engineering edge-bulk
coupling in FQH systems and provide insights into nonlin-
ear dynamics predicted for quantum spacetime analogs. The
remainder of this paper is organized as follows. In Sec. II,
we introduce the microscopic model used in this work and
describe how to simulate voltage pulses with a tip potential.
In Sec. III, we discuss the quench dynamics of the edge
within the model Hamiltonian. In Sec. IV, we analyze in detail
the factors that affect edge dynamics, including the position,
duration, and intensity of the pulse at the edge. Summaries
and discussion are given in Sec. V.

II. MICROSCOPIC MODEL

In this work, we consider a two-dimensional electron gas
(2DES) system in disk geometry that features an open bound-
ary with a perpendicular magnetic field. The conservation
of angular momentum arises from the rotational symmetry,
leading to the following single-particle wave function at the
lowest Landau level (LLL):

|m〉 = 1√
2π lB

1√
2mm!

zme−|z|2/4l2
B , (1)

where z = x + iy are the coordinates of the electron in the
plane, lB = √

h̄c/eB is the magnetic length, and m is the an-
gular momentum along the z-axis labels the degenerate orbital
states in each Landau level. For a finite system with orbitals
Norb, m takes a value from zero to Norb − 1.

As depicted in Fig. 1, a δ potential with strength Uδ at the
position w near the boundary mimics the tip potential used in
the experiment.

V (z) = Uδδ(z − w). (2)

While w resides in the bulk, this potential might gener-
ate a quasihole excitation [47] with a fractional charge. In
the Hilbert space defined by orbitals {|m〉}, the LLL pro-
jected matrix element Vmn = 〈m|V (z)|n〉 can be expressed as a

FIG. 1. A tip potential is applied at the edge of a FQH liquid to
simulate effect of a voltage pulse. For Ne electrons on a disk, the
radius R is

√
2Norb, and the number of orbitals Norb is Ne

ν
. The time

evolution process can be divided into three parts: Initially, the system
is in the ground state of Hamiltonian H1. Subsequently, a potential
V (z) is applied at the edge of the system for a duration τ (unit:
h̄εlB/e2) to simulate the square voltage pulse as in Ref. [44]. Finally,
the moment when the potential is removed is denoted as t = 0, and
the Hamiltonian reverts to H1.

one-dimensional integral

Vmn = Uδ

2(n−m)/2

√
m!

n!

∫ ∞

0
dke− k2

2 kn−m+1Ln−m
m

(
k2

2

)

× Jn−m(k|w|)
(

w

|w|
)m−n

, (3)

with Lk
m(k) representing the generalized Laguerre polynomial

and Jm(k) denoting the Bessel function. The Hamiltonian of
the system is

H2 = H1 + V (z)�(t ), (4)

where �(t ) denotes the step function, one for t ∈ [0, τ ] and
0 otherwise. The second term mimics the tip pulse potential
at location w, characterized by a duration τ and an intensity
Uδ . The first term H1, represents the Hamiltonian for electron-
electron interactions that hosts the FQH state as the ground
state at specific filling. Here, for simplicity, we consider the
Laughlin state [2], denoted as |�1〉, at ν = 1/3, which is the
densest zero-energy eigenstate of the short-range hard-core
interaction. In Haldane’s pseudopotential formalism [52], this
interaction can be described by Vm = δ1,m. Beginning with �1,
applying the tip potential over the time interval τ leads to the
state evolving into

|�(0)〉 = exp(−iH2τ/h̄)|�1〉. (5)

We label this as the initial state at t = 0. For t > 0, the po-
tential V (z) is turned off, causing the system’s Hamiltonian to
return to H1, and the wave function evolves as

|�(t )〉 = exp(−iH1t/h̄)|�(0)〉. (6)

In the subsequent analysis, we thoroughly investigate the
properties of |�(t )〉.
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FIG. 2. The electron density profile of the Laughlin state for nine
electrons. In two distinct cases, pulse excitations are applied with
parameters set to w = 5.4lB(case A) and w = 7.0lB(case B). one
corresponds to the spatial location where the edge electron density
of the system attains its extremum, while the other is situated in the
vicinity of the system boundary.

III. QUENCH DYNAMICS AT THE FQH EDGE

The presence of boundaries in the system results in a
nonuniform edge electron density distribution of the FQH liq-
uid. This nonuniformity originates from the electron-electron
correlation and results in an edge dipole momentum, which is
related to the Hall viscosity and topological properties of the
FQH liquids [53,54]. Moreover, the edge excitation velocity
is defined by the slope of the EMP dispersion in the long-
wavelength limit k → 0 [37]. For model Hamiltonian with V1

interaction, the edge states are also zero-energy eigenstates,
and thus the edge velocity is zero. In this scenario, the impact
of the tip potential does not propagate along the boundary,
meaning that the system does not experience rotation except
diffusion over time. To effectively capture the small changes
in density evolution, we investigate the time evolution of the
electron density diffusion induced by the pulse tip potential
with a residual density distribution defined as

ρ(r, t ) = 〈�(t )|�(t )〉 − ρ1, (7)

where ρ1(r, t ) = |�1|2 represents the nonperturbed electron
density of the Laughlin state prior to the introduction of
the pulse tip potential. Due to the tip potential breaks the
rotational symmetry, numerical diagonalization can only be
applied to relatively small system sizes. For the Laughlin state
at ν = 1/3, we consider a system with Ne = 9 electrons in
Norb = 27 orbitals. Then the disk has a radius around R ∼√

2Norb = 7.3lB. As depicted in Fig. 2, the electron density
maintains a constant value at the disk’s center but becomes
inhomogeneous toward the edge, reaching a peak around
r ∼ 5.4lB.

The pulse tip potential is established with a fixed strength
of Uδ = 1 and a duration τ = 3. Two values are assigned
to position w, namely w = 5.4lB (case A) and w = 7.0lB
(case B). One corresponds to the density maximum, while the
other is situated near the boundary. As shown in Fig. 3, we
examine ρ(t ) for both cases at several time points. In case
A, illustrated in Figs. 3(a)–3(c), when the tip is positioned at
the density peak, the residual electron density clearly shows
diffusion traits into the bulk. In contrast, as the tip nears the

FIG. 3. Evolution of the residual density under quenched dynam-
ics in a system comprising 9 electrons in 27 orbitals, with τ = 3 and
Uδ = 1. (a)–(c) depict the dynamic process of edge density diffusing
into the bulk over time when the tip potential is at w = 5.4lB; (d)–
(f) correspond to w = 7.0lB, where the penetration depth of edge
density into the bulk is significantly less than that at w = 5.4lB on
the same time scale, demonstrating that the pulse position modulates
the diffusion intensity.

edge, as in case B shown in Figs. 3(d)–3(f), ρ(t ) appears
to be more concentrated along the edge. This aligns with
the experimental findings described in Ref. [44], indicating
that the pulse near the edge has the capability to excite both
edge waves and bulk modes. However, our simulation reveals
that the influence of these two excitations highly depends on
the tip position w, as analyzed below. Moreover, when the
tip is positioned close to the edge, the excitation should be
dominated by edge states, and its dynamics should reveal the
corresponding edge velocities. In Appendix C, we compare
the dynamics of a well-defined quasihole excitation at the
edge and an approximate tip excitation at the edge within a
truncated Hilbert space. The resulting edge velocities are in
good agreement with those extracted from full Hilbert space
time evolution.

Next, we conduct a further investigation of this dynamical
process from the perspective of wave functions. Within the
framework of this study, the initial state for system evolution
is the Laughlin state �1. Taking a system with the electron
number Ne = 9 as an example, �1 corresponds to a zero-
energy eigenstate with angular momentum M0 = 3Ne(Ne −
1)/2 = 108. The pulse process, accompanied by energy in-
jection into the system, may induce transitions to high-energy
excited states. To quantitatively characterize the quantum
transition process from ground state to excited states after
pulse application, Fig. 4 presents the energy spectrum of the
V1 Hamiltonian for a system with Norb = 27 orbitals. A color
bar illustrates the squared overlap distributions between the
post-pulse state �(0) for case A [Fig. 4(a)] or B [Fig. 4(b)] and
every state in the energy spectrum. It is shown that the nonzero
overlap states are distributed on both sides of the ground state.

The top five largest square overlaps are denoted by the
symbol Eαi. Here, α ∈ {A, B} distinguishes case A from case
B, while i ∈ N with 1 � i � 5 is an integer index indexing
the ranking of overlap strengths. The labeling follows the
descending order Eαi > Eα(i+1). (In Case A, we label both
the ground state and the excited states with energy E > 0.)
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FIG. 4. Energy spectrum for nine electrons and 27 orbitals. A
color bar illustrates the squared overlap distributions between the
post-pulse state �(0). The states indicated by the red cross points
are the eigenstates in the subspace of zero center of mass (COM)
angular momentum. The top five maximum square overlaps are la-
beled as Eαi, α ∈ {A, B} distinguishes case A/B, and i ∈ {1, 2, 3, 4, 5}
denotes the overlap intensity ranking, satisfying the decreasing order
Eαi � Eα(i+1). (In case A, we label both the ground state and the
excited states with energy E > 0.) (a) Case A, with the states having
higher weights predominantly distributed in the bulk states. (b) Case
B, with the states having higher weights predominantly distributed in
the edge states.

The states indicated by the red cross points are the eigenstates
in the subspace of zero center of mass (COM) angular mo-
mentum. The COM operator is characterized as M̂ = B̂†B̂,
where the ladder operator is given by B̂ = ∑

i b̂i/Ne, with
b̂i representing the ladder operator for each guiding center
orbital. Our earlier research [55] demonstrates that the neutral
magnetoroton excitation mode lives in this subspace, particu-
larly focusing on low-energy states with angular momentum
Mtot in the range [M0 − Ne, M0]. In case A, as illustrated in
Fig. 4(a), all states with the highest overlap, except the ground
state, are located in the left segment of the spectrum among

the bulk excited states. In particular, these states with maximal
overlap are located within the M = 0 subspace and are marked
with red cross symbols. They predominantly occupy the low-
energy part of the spectrum on this side, implying a significant
contribution from the magnetoroton excitation mode. In ad-
dition, certain states demonstrating the highest overlap are
located in the upper segment of the energy spectrum, such
as the EA4 state. This excitation could be explained by mag-
netoroton excitation, where a particle transitions to a higher
� level within the framework of composite fermion theory
[56]. In case B, when the tip is located near the boundary, as
shown in Fig. 4(b), the states exhibiting the highest overlap
are found among the zero-energy states in the right part of
the spectrum, particularly associated with the edge excitation
mode of the FQH liquid [9]. The variation observed in the
weight distribution illustrates that the excitation of the pulse
is significantly influenced by the tip’s position.

Now we calculate the post-quench fidelity f (t ) =
|〈�(0)|�(t )〉|2 to monitor the dynamical evolution. The oscil-
lation period of f (t ) is determined by the energy difference
between the eigenstates in the energy spectrum. The oscil-
lation amplitude is influenced by the overlap between the
initial state �(0) and the eigenstates of the Hamiltonian H1.
Analytically, the fidelity f (t ) can be expanded in terms of
energy eigenstates as

|〈�(0)|�(t )〉|2 =
∣∣∣∣∣
∑

i

|ci|2e−iEit/h̄

∣∣∣∣∣
2

=
∑

i

|ci|4+
∑
i< j

2|ci|2|c j |2 cos

(
(Ei−Ej )t

h̄

)
.

(8)

As shown in Fig. 5(a), f (t ) exhibits distinct multiperiod
oscillation characteristics. During the initial stage, the fidelity
decreases monotonically as the electron density perturbation
diffuses into the bulk or along the edge from the tip. After a
certain time, the fidelity begins to oscillate, indicating that the
electron density wavepacket has re-emerged at the edge. This
oscillation behavior is consistent with the periodic diffusion of
the electron density wavepacket observed in Fig. 3. The oscil-
lation period is determined by the energy differences between
the eigenstates involved in the dynamics. In case A, where
the tip is positioned at w = 5.4lB, the oscillation period is
approximately T ≈ 14.3 (in units of h̄εlB/e2) corresponding
to a frequency of � ≈ 0.44 which is very close to the energy
of the magnetoroton mode in large k limit. The amplitude of
these oscillations is relatively large, and the oscillation fre-
quency is relatively high, indicating that the excitation energy
is high and that the system diffuses during this process. In
contrast, for case B, the fidelity exhibits larger values and
slower oscillations, suggesting a greater retention of ground
state characteristics, consistent with the tip’s proximity to the
edge. Furthermore, the observation of long-period oscillations
in f (t ) indicates lower energy excitations at the FQH edge.

To extract the characteristic oscillation frequencies, we
performed a discrete Fourier transform of the fidelity f (t )
from Fig. 5(a), with the resulting frequency spectrum F (�)
shown in Fig. 5(b). The dominant frequency peaks of case A
are concentrated in the high-frequency region with � � 0.41,
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FIG. 5. (a) The evolution of fidelity f (t ). In case A at tip position
w = 5.4lB, the fidelity oscillations exhibit relatively large ampli-
tudes, and the oscillation frequency is relatively high, indicating high
excitation energy. In case B at tip position w = 7.0lB, the fidelity
shows larger magnitudes and slower oscillations, suggesting higher
retention of ground-state characteristics. This result aligns with the
density evolution observations in Fig. 3. (b) The discrete Fourier
transform of the fidelity f (t ) in Fig. 5(a). The first four largest
frequency peaks are marked for each case. The largest frequency
peaks of case A are mainly distributed in the region of � � 0.41,
while the peaks of case B are concentrated in the range of � < 0.41.
Notably, the high-frequency interval of � > 0.41, the peaks of the
two cases overlap.

while the peaks of case B mainly appear in the low-frequency
range with � < 0.41. Notably, in the interval with � > 0.41,
the spectral peaks of the two cases show significant over-
lap. Moreover, the spectral peaks of case A are significantly
higher than those of case B, indicating more prominent signal
characteristics. Thus our analysis focuses on case A. The
spectral peaks of case A correspond to the energy differences
in Fig. 4(a), as detailed in Table I. For example, the peak of the
fundamental frequency at h̄�12 = |EA1 − EA2| = 0.44 corre-
sponds to a period T12 = 2π/�12 ≈ 14.3, and the secondary
peak at h̄�13 = |EA1 − EA3| = 0.41 yields T13 = 2π/�13 ≈
15.3. These periodicities quantitatively explain the dominant
oscillations observed in Fig. 5(a). Moreover, all identi-
fied dominant energy levels coincide with the magnetoroton

TABLE I. The table of absolute value of the energy difference
|EAi − EA j | marked in Fig. 4(a), where the underlined energy differ-
ences correspond to the peak frequencies in the Fourier spectrum of
Fig. 5(b).

EA1 EA2 EA3 EA4 EA5

EA1 0
EA2 0.44 0
EA3 0.41 0.03 0
EA4 0.55 0.11 0.14 0
EA5 0.74 0.30 0.33 0.19 0

spectrum in case A, confirming that the oscillation periods
of f (t ) are governed by these transitions. This indicates that
after the edge pulse excitation in the Hall fluid, the electron
diffusion into the bulk is directly modulated by the collective
modes of the magnetoroton excitations.

IV. ANALYZE OF THE DETAILS OF THE TIP

Previously, we discussed the quench dynamics of the edge
state induced by a specific pulse potential at the edge of a
FQH liquid. The results indicate that the pulse can excite both
edge and bulk states, and the excitation characteristics are
significantly influenced by the position of the pulse. In this
section, we will further analyze the effects of pulse position
w, duration τ , and intensity Uδ on excitation characteristics.
As shown above, the pulse position is particularly crucial as
it determines the initial electron density distribution, which in
turn affects the excitation process. The duration and intensity
of the pulse also play an important role in determining the
amplitude and energy of the excitation. By systematically
varying these parameters, we can gain a deeper understanding
of how they influence the quench dynamics and the resulting
excitation characteristics.

Pulse positon. As described in Sec. III, the pulse position
significantly affects the proportion of the post-pulse state ψ (0)
excited to bulk states and edge states. To quantitatively ana-
lyze the contribution rates of these two types of states to the
time evolution, we fix the tip potential parameters of the pulse
as strength Uδ = 1 and duration τ = 3, and introduce the bulk
contribution Sbulk as follows:

Sbulk =
M0−1∑

m=M0−Ne

39∑
i=0

|〈�(0)|φm,i〉|2, (9)

where φm,i represents the ith excited state at angular mo-
mentum m, with double summation traversing the lowest 40
excited states in each angular momentum sector within the
[M0 − Ne, M0 − 1] angular momentum window where the
magnetoroton excitation lives. The larger the value of Sbulk,
the more readily the initial state �(0) can be excited into the
bulk states within this angular momentum interval, indicating
that the system evolution will be significantly governed by
the collective modes of magnetoroton. Based on the afore-
mentioned analysis, the pulse position may exert a significant
regulatory effect on the diffusion dynamics. To investigate
this, we systematically varied the spatial position of the ex-
citation pulse, calculated the dependence of Sbulk on the pulse
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FIG. 6. The dependence of Sbulk on the pulse position. The peak
location of electron density nearly coincides with the maximal value
of Sbulk. This correspondence indicates that positioning the excita-
tion pulse near the electron density peak effectively enhances the
hybridization effect in the bulk state.

position, and plotted the results in Fig. 6. As shown in the
Fig. 6, a prominent maximum of Sbulk appears at r = 5.4lB,
indicating a significant enhancement effect of the pulse on
the diffusion process at this location. Furthermore, the dis-
tribution of electron density before the pulse, depicted by
the solid line in Fig. 6, reveals that the peak region of the
electron density near the edge coincides with the maximum of
Sbulk. When the pulse position moves toward the edge of the
system to r = 8.0lB, the intensity of Sbulk gradually decreases
to zero, which is consistent with the electron density reaching
the physical boundary of the system at this position. In par-
ticular, the spatial span from the maximum point to the zero
point corresponds exactly to the radius of a quasi-hole, that
is, r 
 2.5lB [57–60]. Meanwhile, we can also introduce the
edge contribution Sedge to quantify the contribution of the edge
state to the quench dynamics. Edge states are defined as zero-
energy eigenstates in the right part of the energy spectrum,
which are typically located in the angular momentum range
[M0 + 1, M0 + Ne]. The edge contribution is defined as

Sedge =
M0+Ne∑

m=M0+1

n∑
i=0

|〈�(0)|φm,i〉|2. (10)

The truncation parameter n is determined by the energy gap
between the ground state and the bulk states. For the V1 = 1
model Hamiltonian, the energy gap �E ≈ 0.41, and n is taken
as the number of edge states with energies below �E . The
parameter Sedge quantifies the percentage proportion of edge
states involved in the quench dynamics after the termination
of the pulse. The ratio between Sbulk and Sedge directly reflects
the competitive relationship between the bulk and edge states
during the evolution process. Similarly, we calculated the
dependence of Sedge on the pulse position, as shown in Fig. 7.
Unlike Sbulk, Sedge exhibits accumulation only within a spe-
cific edge-confined region. Specifically, as the probe moves
from r = 3.2lB toward the edge, Sedge increases monotoni-
cally, reaches a maximum at r = 6.4lB, then rapidly decays

 0
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S
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g
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FIG. 7. The pulse position dependence of Sedge. Sedge exhibits an
asymmetric unimodal distribution between 3.2lB and 8.2lB, peaking
at r = 6.4lB. The solid line represents the dipole moment Ir , also
maximized at the same location.

to zero at r = 8.2lB. This indicates that the pulse position
significantly influences the excitation of edge states, with the
maximum excitation occurring at r = 6.4lB. In order to further
understand the position of the maxima excitation, we analyze
the dipole moment of the edge state. The dipole moment is
a measure of the asymmetry of the electron density distribu-
tion at the edge, which is closely related to the quasiparticle
excitation. It is defined as Ir = ∫ r

0 r(ρ(r) − ν)dr. As shown
in Fig. 7, it is interesting that the dipole moment Ir also
exhibits a maximum at r = 6.4lB, which coincides with the
position of the maximum contribution of the edge excitations.
This indicates that the pulse position at r = 6.4lB corresponds
to the point where the electron density distribution is most
asymmetric, leading to particle-hole pairing excitation near
the edge. Additionally, the Sedge extends roughly 5lB, match-
ing the quasihole diameter or the particle-hole pair’s central
distance [57–60].

In conclusion, the pulse position dependence of Sedge in-
dicates that the excitation of edge states is highly sensitive
to the position of the pulse. When the pulse is applied at the
edge, the edge states are excited, which is closely related to
the quasiparticle excitation, leading to a significant increase
in Sedge. In contrast, when the pulse is applied to the center of
the disk, the edge states are not excited and Sedge is zero.

Pulse duration and strength. In the experiment, pulse
duration τ and strength Uδ are adjustable parameters. We
analyzed the effect of pulse duration on excitation by calcu-
lating |〈�(0)|�1〉|2 versus Uδ for various τ . Figure 8 shows
that |〈�(0)|�1〉|2 varies periodically with Uδ with a slowly
decaying amplitude, particularly for small τ . Moreover, τ

and the oscillation period �Uδ show an inverse relationship:
�Uδ · τ = 2π . This means that varying �Uδ or varying τ

yields similar effects. Treating all excited states, excluding
only the ground state |�1〉 before applying the pulse, as a
single system excitation, this oscillation is very likely the Rabi
oscillation in a two-level system with a gap Uδ . The transition
probability is proportional to | sin(Uδτ/2)|2 and thus Uδ is
periodic with 2π h̄/τ for a fixed τ . Thus the ground state
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FIG. 8. Variations of the wavefunction overlap |〈�(0)|�1〉|2 as a
function of the pulse strength Uδ for various τ in the nine-electron,
27-orbital system with w = 5.4lB.

excitation can be adjusted by the pulse duration τ and the
strength Uδ .

V. DISCUSSIONS AND CONCLUSIONS

In this work, we have investigated the quench dynamics of
edge excitations in FQH liquid at the filling factor ν = 1/3
motivated by recent pump probe reflectance measurements in
time-resolved photoluminescence spectroscopy. By applying
a tip potential to the edge of the Hall liquid, we simulate
an electrical pulse that excites the Laughlin state into the
energy spectrum branch of the edge mode and magnetoroton.
The electron density evolution reveals that due to chiral edge
modes, electrons move along the edge while also diffusing
into the bulk. We calculated the fidelity after quenching and
performed spectral analysis on the time-dependent fidelity.
The results show that the evolution frequency aligns with
the energy gap of the magnetoroton, and electron diffusion
into the bulk is attributed to the winding of the magnetoro-
ton. In addition, we discussed how the location, intensity,
and duration of the pulse affect the quench dynamics. The
results indicate that the position of the pulse significantly
influences the excitation characteristics, with the maximum
excitation occurring when the pulse is applied at the peak of
the electron density. The duration and intensity of the pulse
also play crucial roles in determining the amplitude and en-
ergy of the excitation. The periodic nature of the excitation
suggests that the system can be tuned to achieve optimal
excitation conditions by adjusting these parameters. In con-
clusion, our study offers insights into multiple aspects of the
quench dynamics of edge excitations in FQH liquids. The re-
sults highlight the importance of the pulse position, duration,
and intensity in controlling the excitation characteristics. This
work initiates further investigations into the dynamics of edge
excitations in more exotic FQH systems and their potential
applications in quantum information processing and quantum
simulation.
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FIG. 9. Radial density distributions for a system of 10 electrons
occupying 30 orbitals. The tip potential positions are set at w = 5.8lB

for Case A and w = 7.5lB for case B, respectively.
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In the Appendix, we present data for 10 electrons, the
effect of realistic Coulomb interactions, and the dynamics in a
truncated space compared to the case where the tip is located
at the edge.

APPENDIX A: THE DYNAMICS OF SHORT-RANGE
INTERACTIONS IN A 10-ELECTRON SYSTEM

Consistent with the analysis logic of the nine-electron
system in the main text, two different cases are selected to
observe the evolution of residual density. For the Ne = 10,
Norb = 30 system in this Appendix, the radius R ∼ √

2Norb ≈
7.75 lB. To assess how the tip potential position influences
residual density evolution, two cases are established. Case A
places the tip at w = 5.8lB, the electron density peak near the
edge; case B positions it at w = 7.5lB, close to the physical
boundary, as shown in Fig. 9. Both cases use fixed pulse
parameters: τ = 3 and Uδ = 1.

For short-range interaction, the residual electron density
is measured at three points: t = 0, 3, and 6 [see Fig. 10].
Case A [Figs. 10(a)–10(c)]: As time progresses, residual
density diffuses significantly into the bulk, matching the 9-
electron system trend at w = 5.4lB in the main text. Case
B [Figs. 10(d)–10(f)]: At the same time scale, the residual
density’s penetration into the bulk is much less than in case
A, confirming the tip position’s impact on diffusion intensity.

We also examine the energy spectrum of a ten-electron sys-
tem under short-range interactions by calculating the squared
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FIG. 10. Evolution of the residual density under quenched dy-
namics in a system comprising 10 electrons in 30 orbitals, with τ = 3
and Uδ = 1. (a)–(c) Case A depicts the dynamic process of edge
density diffusing into the bulk over time when the tip potential is
at w = 5.8lB; (d)–(f) Case B corresponds to w = 7.5lB, where the
penetration depth of edge density into the bulk is significantly less
than that at w = 5.8lB on the same time scale, demonstrating that the
pulse position modulates the diffusion intensity.

overlap between the post-pulse state �(0) and each eigenstate,
shown in Fig. 11. In case A, high overlap states appear in both
bulk and edge states, while in case B, they concentrate mainly
in edge states. This mirrors the nine-electron system results
(Fig. 4), showing that the principle of tip potential affecting
excitation ratios remains consistent when scaling from nine to
ten electrons.

To test the pulse response universality across system sizes,
we compared the squared overlap between the initial and
ground states in nine and ten electron systems by varying
pulse intensity and duration. Figure 12 displays the results:
solid symbols for nine electrons and hollow for ten. Both
systems show notable periodic oscillations with high overlap,
indicating minimal influence of system size on the squared
overlap pattern.

APPENDIX B: THE EFFECT OF COULOMB
INTERACTIONS

In the above analysis, we have considered the short-range
interaction V1 in the Hamiltonian, which is a good approxima-
tion for the Laughlin state. However, in reality, the Coulomb
interaction leads to a more complex energy spectrum and can
modify the excitation energies of the system. Therefore, we
consider the following hybrid Hamiltonian:

H1 = (1 − λVC1)V1 + λHC, (B1)

where V1 is the model Hamiltonian, VC1 denotes the first pseu-
dopotential coefficient of the Coulomb interaction, and HC

represents the Coulomb interaction Hamiltonian. It ensures
V1 = 1 which makes the results comparable to the pure V1

case. The Coulomb Hamiltonian is

HC =
∑

m1m2m3m4

V1234C
†
m1

C†
m2

Cm3Cm4 +
∑

m

UmC†
mCm. (B2)

The first term includes the electron-electron Coulomb in-
teraction, and the second one represents the background

FIG. 11. Energy spectrum of a ten-electron system with V1 inter-
actions. The color bar represents the intensity of the squared overlap
between the post-pulse state �(0) and each eigenstate. (a) Case
A: high-weight states are mainly distributed in both the bulk state
region and the edge state region. (b) Case B: high-weight states are
concentrated in the edge state region.
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FIG. 12. The impact of |〈�(0)|�1〉|2 on pulse intensity Uδ is
shown with a fixed pulse duration of τ = 3. Tip potential is set to
w = 5.4 lB for the nine-electron system (solid symbols) and w =
5.8 lB for the ten-electron system (hollow symbols).
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FIG. 13. Evolution of residual density in a nine electron, 27
orbital system under mixed Coulomb interactions with τ = 3 and
Uδ = 1: The edge density diffuses inward into the bulk and propa-
gates clockwise along the boundary. The red arrow indicates edge
movement direction. [(a)–(c)] Case A shows inward diffusion and
edge propagation over time with tip potential at w = 5.4lB. [(d)–(f)]
Case B shows clockwise edge propagation with less bulk penetration
compared to w = 5.4lB at the same time scale.

confinement [22]. Parameter λ denotes the weights of long-
range interactions.

As an example, we set λ = 0.6 to incorporate the influence
of the Coulomb effect. In this context, V (z) in Eq. (4) is
still applicable, but the Hamiltonian H1 changes to Eq. (B1).
We calculated the quench dynamics for nine electrons in 27
orbitals with τ = 3 and Uδ = 1. In this case, we have position
w = 5.4lB(case A) and w = 7.0lB(case B). We monitored the
residual electron density at time points t = 0, 40, and 140.
As shown in Fig. 13, the evolution of the residual density
shows that the edge density simultaneously penetrates into
the bulk region and propagates clockwise along the bound-
ary. Figures 13(a)–13(c) display the dynamic process of the
residual density over time for case A. Figures 13(d)–13(f)
correspond to the case B. In this case, the residual density
propagates clockwise along the boundary, but its penetration
depth into the bulk is less than that of case A on the same time
scale. Similar to the short-range interaction, the pulse acting
on the edge causes the remaining density to diffuse into the
bulk, and the diffusion depth is regulated by the pulse position.
This indicates that the dynamic behavior under more realistic
Coulomb interactions exhibits similar qualitative characteris-
tics to the short-range interaction system.

Next, we analyze the influence of the Coulomb interac-
tion on the quench dynamics from the perspective of the
energy spectrum. First, we calculate the overlap distribution
between the post-pulse state �(0) and the eigenstates of the
Hamiltonian (B1). Figure 14 shows the energy spectrum of
the Hamiltonian with mixed Coulomb interaction in a nine-
electron system. The color bar represents the squared overlap
distribution between the post pulse state �(0) and each state
in the energy spectrum. As shown in Fig. 14, the color bar
indicates that states with relatively large overlap integrals are
mainly distributed in the bulk states and edge states, and
this distribution characteristic is consistent with short-range
interactions. In addition, the energy gap between the edge
states and the ground state is significantly smaller than the
energy gap between the ground state and the bulk states,

FIG. 14. Energy spectrum of mixed Coulomb interactions with
λ = 0.6. Edge states have a structured energy level instead of zero
energy. The color bar shows the overlap integral between the post-
pulse state and spectral states. The top five states by squared overlap
are labeled ECαi, distinguished by α ∈ {A, B} for cases A/B, with
i ∈ {1, 2, 3, 4, 5} for ranking (in decreasing order ECαi � ECα(i+1)).
(a) In case A, apart from the ground state at angular momentum 108,
the high-weight states are mainly in the angular momentum spaces
115, 100, 101, and 102. (b) In the case B, they are mainly near the
edge states next to the angular momentum space 108.

which will lead to the evolution period dominated by edge
states being longer than that dominated by bulk states. Due
to the introduction of long-range Coulomb interactions, the
edge states are no longer zero-energy states but dispersive.
The nonzero dispersion of the edge states results in nonzero
edge velocity [37], which also explains the phenomenon of
residual density propagating along the boundary observed in
Fig. 13. We label the top five states with the largest squared
overlap values as ECαi, where α ∈ {A, B} distinguishes the
cases A/B, and i ∈ {1, 2, 3, 4, 5} indicates the order of over-
lap strength (satisfying the descending order ECαi � ECα(i+1)).

205117-9



JIE LI, CHEN-XIN JIANG, AND ZI-XIANG HU PHYSICAL REVIEW B 113, 205117 (2026)

In case A (w = 5.4lB), besides the ground state at angular
momentum 108, the high-weight states of edge states are
mainly concentrated in the region near angular momentum
115, while the high-weight states in bulk states are distributed
in the range of angular momenta 100, 111, and 112. In case
B (w = 7.0lB), the high-weight states are mainly distributed
in the angular momentum interval [108,117], and clustered in
the edge state region near Mtot = 108 in angular momentum
space. When the tip potential moves from the edge of the
disk towards the center, the weight distribution of edge states
shows a trend of migrating from near M0 to M0 + Ne, which
is similar to the radial migration process of quasi-holes on the
disk [60]. From the distribution pattern of high-weight states
in the energy spectrum, it can be seen that for both case A and
case B, the distribution patterns of long-range interactions and
short-range interactions are similar.

In summary, introducing Coulomb interaction alters edge
states from zero energy, resulting in nonzero edge velocity
and enabling density modulations to propagate, complicating
quench dynamics. It also complicates the bulk energy spec-
trum, affecting fidelity oscillation. Numerical diagonalization
shows the spectrum’s complexity increases, but the qualita-
tive behavior aligns with short-range interaction, affirming its
suitability for studying edge quench dynamics in FQH liquids.
Qualitatively analogous results are observed in larger systems,
e.g., the ten-electron system.

For the quantification of edge-mode velocities, we adopt
two independent methods: calculations based on the energy
spectrum dispersion relation and velocity estimation based
on residual density evolution. These two methods realize the
characterization of velocity from the aspects of static energy
spectrum and dynamic evolution, respectively.

After the tip potential is removed, for the system with
nine electrons, 27 orbitals, τ = 3, Uδ = 1, and w = 7.0lB,
we tune the edge-state energy gap by introducing a linear
potential V (r) = βr2/2 in the angular momentum space (with
β = 0.02), and the obtained edge excitation energy spectrum
is shown in Fig. 15(a). Referring to the energy spectrum
velocity definition method proposed by Ref. [37], we derive
the velocity formula using the energy dispersion relation of
edge excitations: v = (R/h̄) · �E

�M , where �M = Mtot − M0,
R = √

2Norb is the system edge radius, and �E is the edge
excitation energy difference corresponding to the angular
momentum change �M = 1. Substituting the data into the
formula, we calculate v = 0.28025 e2/(ε h̄). For a GaAs sys-
tem, the dielectric constant ε ≈ 13, and the converted velocity
is approximately 4.71615 × 106 cm/s.

Under the same parameters, we further quantify the ve-
locity by tracking the time evolution of the characteristic
extreme point in the residual density distribution, i.e., the
lowest point of the edge density after pulse excitation, and
the relevant results are shown in Fig. 15(b). The inset in
the figure displays the density distributions at three moments
t = 0, 8, and 16, with red triangles marking the positions of
the lowest density point at each moment; the rotation angle
θ of this lowest point is defined as the angle with the x axis,
and its time evolution is characterized by solid red dots. By
performing a linear fit to θ (t ), the fitting result is obtained as
θ (t ) = −0.024(±0.001)t + 0.123(±0.007), from which the
angular velocity ω = −0.024(±0.001) can be extracted. The

FIG. 15. (a) Energy spectrum under mixed Coulomb interaction
with the inclusion of a linear potential, where λ = 0.6 and β = 0.02.
(b) Time evolution of the rotation angle θ of the lowest point in the
residual density. The inset shows the density distributions at three
moments t = 0, 8, and 16, with red triangles marking the positions
of the lowest density point at each moment.

negative sign indicates that the density propagates clockwise
along the edge. Combining the correlation formula between
linear velocity and angular velocity v = ω · r, considering that
the pulse acts on w = 7lB, the radius of Laughlin quasiholes
is approximately 2.5lB, and the radius of quasiholes under
Coulomb interaction is about 4lB [62], the actual effective ra-
dius r in the mixed interaction considered in our work is taken
in the range w ± 3lB. Based on this, the calculated range of
the edge propagation linear velocity is 1.5482 × 106 cm/s ∼
4.207 × 106 cm/s, which is of the same order of magnitude as
the result obtained by the energy spectrum analysis method,
verifying the consistency of the velocity quantification
results.

APPENDIX C: EDGE DYNAMICS IN TRUNCATED SPACE

To clarify the validity of the edge-state-dominated evo-
lution and corroborate the effectiveness of the edge-state
subspace projection method, we supplement two numerical
verification approaches in this Appendix. These approaches
explicitly demonstrate the consistency between the evolution
results in the projected edge-state subspace and those from
the full-space time evolution in the regime of weak bulk-edge
hybridization. The details are presented as follows:
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FIG. 16. (a) Projection of the initial quasihole state localized
at w = 7.0lB onto the edge excitation energy spectrum under the
Coulomb interaction (λ = 0.6) and linear potential (β = 0.02). The
quasihole state is entirely distributed in the edge-state subspace.
(b) Time evolution of the rotation angle θ of the lowest point in the
residual density of the quasihole state. The inset shows the density
distributions at t = 0, 8, and 16, with red triangles marking the
position of the lowest density point at each moment.

Time evolution of a quasihole state constructed by a linear
combination of edge states. Although the pump-probe process
cannot generate a well-defined quasihole or quasiparticle ex-
citation, as an approximation, we follow the previous work
Ref. [60], in which the quasihole state was strictly projected
onto the edge-state subspace. We construct a quasihole state
localized at w = 7.0lB and perform its time evolution under
the same Coulomb interaction parameter (λ = 0.6) and linear
potential (β = 0.02) as those used in Fig. 15.

As shown in Fig. 16(a), the quasihole state is fully
projected onto the edge-state subspace. Using the velocity cal-
culation method in Appendix B, we extract the edge excitation
velocity from the edge spectrum [Fig. 16(a)], and the obtained
velocity is v = 0.28025e2/(ε h̄). For a GaAs system with a
dielectric constant ε ≈ 13, this velocity is converted to a linear
velocity of approximately 4.71615 × 106 cm/s. As shown in
Fig. 16(b), the quasihole state exhibits a clockwise time evolu-
tion characteristic, which is consistent with the evolution trend
shown in Fig. 15(b). Meanwhile, using the tracking method
adopted in this work, we track the rotation angle θ of the low-
est point in the residual density of the evolving quasihole state
[Fig. 16(b)] and fit its time dependence, yielding an angular

FIG. 17. (a) Edge excitation energy spectrum under the Coulomb
interaction (λ = 0.6) and linear potential (β = 0.02). All states with
a squared overlap weight greater than 0.01 with the post-pulse state
are distributed in the edge-state subspace. (b) Time evolution of the
rotation angle θ of the lowest point in the residual density under the
restricted evolution in the edge-state subspace. The inset shows the
density distributions at t = 0, 8, and 16, with red triangles marking
the position of the lowest density point at each time.

velocity of ω = −0.024 (±0.001). Considering the size of the
quasihole (roughly 4lB in the Coulomb case [62]), the edge
velocity extracted from the time evolution of the quasihole
state is about 1.5482 × 106 cm/s ∼ 4.207 × 106 cm/s, which
is consistent with that from the full-space time evolution in
this work.

Time evolution with truncated basis. If we assume the
time-dependent tip excitation is simply a combination of high-
energy states rather than a well-defined localized quasihole,
as another approximation, we filter the eigenstates that have
an overlap greater than 0.01 with the post-pulse state in
Fig. 15(a) as the evolution basis set. Notably, in the regime of
weak bulk-edge hybridization (with the tip potential at w =
7.0lB), all these high-weight states lie within the edge-state
subspace.

We perform the time evolution of the post-pulse state
using only the truncated edge-state basis and track the dy-
namic behavior of the residual density. As shown in the
inset of Fig. 17(b), the minimum point of the residual den-
sity exhibits distinct clockwise rotational propagation along
the edge with time evolution, which is consistent with the
full-space evolution characteristic. Fitting the time depen-
dence of the rotation angle θ of the minimum point gives the
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same angular velocity ω = −0.024 (±0.001) as that obtained
from the quasihole state evolution and the full-space time
evolution.

These results are in good agreement with the veloc-
ity extracted from full Hilbert space time evolution in the
manuscript. When the tip potential is located near the physical

boundary, the density evolution is dominated by edge modes,
and their propagation velocity should match the edge veloc-
ity, as we demonstrate. In contrast, when the tip potential
is positioned at the electron density peak—a regime with
strong bulk-edge hybridization—the approximated method is
no longer applicable.
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