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Higher-order exceptional lines in a non-Hermitian Jaynes-Cummings triangle
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Higher-order exceptional points (EPs) in non-Hermitian systems showcase diverse physical phenomena but
require more parameter space freedom or symmetries. We report the observation of a third-order exceptional
surface and line in a Jaynes-Cummings triangle. A fine-tuning artificial magnetic field enriches the emergence
of the third-order exceptional lines (ELs), which require only three tuning parameters when protected by
parity-time (PT) symmetry. Third-order ELs maintain robust enhanced sensitivity through a cube-root response
mechanism, displaying a greater sensitivity than second-order EPs. We develop a nontrivial fidelity metric
based on the biorthogonal associated-state approach that reliably detects EPs while eliminating the unphysical
fidelity values in previous approaches. Furthermore, our method captures quench dynamics across EPs, revealing
distinct behavior in both PT-symmetric and PT-broken regimes. Our work establishes a platform for studying
higher-order geometry in light-matter interactions using circuit QED.
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I. INTRODUCTION

Non-Hermitian (NH) systems such as open or dissipative
systems are ubiquitous in nature and have generated great
interest in gain-loss coupled cavities [1–3] and photonic plat-
forms [4,5]. Non-Hermiticity leads to various counterintuitive
phenomena related to exceptional points (EPs) that cannot ex-
ist in Hermitian systems, such as exceptional nodal topologies
[6,7], enhanced sensing [8–10], and dynamical quantum phase
transition [11–14]. EPs have also been investigated in opti-
cal microcavities [15–18] and cold atomic systems [19,20].
So far, most of the work has focused on the basic example
of second-order EPs (2EPs) where two eigenstates coalesce.
Great experimental efforts have been devoted to exploring
2EPs, particularly in the context of spontaneous PT-symmetry
breaking at an EP [5,18,21].

Among the richer phenomena enabled by non-Hermiticity
are higher-order EPs [22–24], where three or more eigen-
values coalesce. These singularities are of particular interest
due to their pronounced impact on spectral properties, dy-
namical stability, and response to perturbations. Recent work
demonstrated the key advantages of higher-order EPs over
conventional second-order EPs, particularly in enhanced sen-
sitivity [24–26]. Prior work primarily focused on isolated
higher-order EPs. However, constructing geometries involv-
ing higher-order EPs, such as lines composed of higher-order
EPs, remains experimentally elusive. Because more degrees
of freedom in the Hamiltonian’s parameter space or addi-
tional symmetries are required. Generally, an nth order EP
requires 2n − 2-dimensional real parameter space [27–29].
Recent theoretical and experimental advances demonstrated
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that generic NH symmetries can reduce the codimension of
symmetry-protected nth order EP and ELs [30–32]. EP ge-
ometries provide advantages over isolated EPs by relaxing
the stringent parameter requirements needed to access excep-
tional points, thereby enhancing the robustness of EP-related
phenomena [33–35].

Recent advances in cavity QED have enabled the synthesis
of tunable magnetic fields for light-atom interactions, lead-
ing to novel phenomena in a quantum Rabi triangle [36,37]
and an anti-Jaynes-Cummings (JC) triangle [38]. Inspired
by synthetic magnetic fields, we reveal the emergence of
third-order exceptional surfaces and lines naturally emerge
in a non-Hermitian JC triangle. The artificial magnetic field
is crucial for the observation of the third-order ELs. Quite
remarkably, these singularities are unambiguously identified
via biorthogonal fidelity and exhibit enhanced sensitivity to
perturbations. The quench dynamics across the EPs are suc-
cessfully characterized by the biorthogonal Loschmidt echo.

II. JC TRIANGLE FOR THIRD-ORDER ELS

Figure 1(a) illustrates a NH system of the JC triangle,
composed of three coupled resonators. This setup can be
implemented in a circuit-QED architecture using inductively
coupled resonators [39–41]. Each superconducting resonator
of frequency ω is coupled to a qubit (acting as a two-level
system) with a coupling strength gn. Photons hopping between
adjacent cavities are inductively coupled through a mutual
capacitance with a hopping strength Jn. PT symmetry is engi-
neered by interconnecting three cavities: two identical cavities
with balanced gain and loss, and a neutral central cavity. Here,
cavity 1 exhibits amplified gain due to gain medium’s lasing,
while cavity 3 experiences dissipation-induced loss [1–3]. The
JC triangle description holds for weak coupling and hopping
strengths (gn, Jn � ω).
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FIG. 1. (a) Schematic of the non-Hermitian JC triangle with an
artificial magnetic field φ = 3θ in a circuit-QED realization, showing
superconducting resonator 1 with gain and resonator 3 with loss.
(b) Third-order exceptional surface θ3c as a function of g1/g2 and
J1/J3 with �/ω = 20, g2/ω = 0.03.

The JC Hamiltonian for each resonator interacting with
a two-level system is given by HJC

n = ωa†
nan + gn(a†

nσ
−
n +

anσ
+
n ) + �σ z

n/2, where a†
n(an) denotes the creation (annihila-

tion) operator for resonator n, while σ i
n are the Pauli matrices

representing a two-level system with an transition frequency
�. HJC

n possesses U (1) symmetry because the excitation num-
ber N = a†a + σ+σ− is conserved. The Hamiltonian consists
of the local Hamiltonian for each resonator and the photon
hopping term

HJCT =
3∑

n=1

HJC
n + iγ a†

1a1 − iγ a†
3a3

− Jn(eiθa†
nan+1 + e−iθa†

n+1an), (1)

where γ denotes the cavity gain-loss constant, and the hop-
ping strength incorporates a phase θ . The artificial vector
potential A(r) induces complex hopping amplitudes between
cavities n and m, characterized by the phase θ = ∫ rm

rn
A(r)dr.

Artificial magnetic flux can be achieved by periodically mod-
ulating the photon hopping strength between adjacent cavities
[36]. The magnetic flux across the three cavities is φ = 3θ ,
maintaining gauge invariance when traversing the closed loop.
When θ �= mπ m ∈ Z the time-reversal symmetry of the
hopping processes among three cavities is artificially bro-
ken, where the time-reversal operator T satisfies TiT −1 = −i.
The system has the PT symmetry, (PT )HJCT (PT )−1 = HJCT ,
where the parity operator obeys P : a1(3) → a3(1), a2 → a2.

We perform the Schrieffer-Wolff transformation using
Sn = exp[gn/�(a†

nσ
−
n − anσ

+
n )] to eliminate the off-diagonal

coupling term in HJC
n . In the limit �/ω → ∞, we obtain

the transformed Hamiltonian HJC
n = ωa†

nan + g2
n/�a†

nanσ
z
n +

�σ z
n/2 by omitting higher-order terms. The low-energy

Hamiltonian is given by projecting to the subspace of atom
|↓〉n (see Appendix A)

H↓
JCT =

∑
n

−Jn(eiθa†
nan+1 + H.c.)

+ ω+a†
1a1 + ω2a†

2a2 + ω−a†
3a3, (2)

where the renormalized frequency is ω± = ω1 ± iγ with
ωn = ω − g2

n/� by setting g1 = g3. The Hamiltonian H↓
JCT

is expressed bilinearly in terms of bosonic operators and can
be diagonalized through the Bogoliubov transformation. With
denotation α = {a†

1, a†
2, a†

3}, the Hamiltonian is expressed in

matrix form as H↓
JCT = αMα† with a constant, where the

matrix M for J1 = J2 �= J3 is given by

M =
⎡⎣ ω+ −J1e−iθ −J3eiθ

−J1eiθ ω2 −J1e−iθ

−J3e−iθ −J1eiθ ω−

⎤⎦. (3)

Eigenenergies can be analytically obtained by diagonaliz-
ing M via Cardano’s formula (see Appendix B). Given χ =
(−1 + √

3i)/2 and β± = 3

√
−q ±

√
q2 + p3, the eigenener-

gies En = εn + (2ω1 + ω2)/3 are given as

ε1 = β+ + β−,

ε2 = χβ+ + χ∗β−,

ε3 = χ∗β+ + χβ−, (4)

where p = (−2J2
1 − J2

3 + γ 2)/3 − (ω1 − ω2)2/9, and
q = J2

1 J3 cos(3θ ) − [ω2 − ω1][(ω2 − ω1)2 + 9J2
1 − 9J2

3 +
9γ 2]/27.

Notably, NH systems support anomalous singularities
called EPs, which play a key role in the real-complex spectral
transition protected by PT symmetry. The q2 + p3 is the key
quantity that determines the EPs. PT-symmetry breaking oc-
curs under the condition q2 + p3 = 0. When g1 = g2, it yields
2EPs at the critical value

γ2c = ±
√

3
3

√
−(

J2
1 J3 cos(3θ )

)2 + J2
3 + 2J2

1 . (5)

Specifically, the 3EPs appear at the special points where p =
q = 0. It leads to the critical values of the magnetic flux and
the gain for the 3ELs, which are obtained analytically as

θ3c = 1

3
arccos

((
g2

2 − g2
1

)[
4
(
g2

2 − g2
1

)2
/�2 + 27J2

1

]
27�J2

1 J3

)
,

γ 2
3c = 2J2

1 + J2
3 +

(
g2

1 − g2
2

)2

3�2
. (6)

Furthermore, an isolated 3EP arises while J1 = J3 = 0 and
g1 = g2. Figure 1(b) illustrates the third-order exceptional
surface θ3c by adjusting g1/g2 and J1/J3. When g1 = g2, the
critical magnetic flux simplifies to φ3c = 3θ3c = π/2 + nπ .

Figure 2 shows the energy spectrum for different θ

when g1 = g2. At the specific magnetic flux θ3c = π/6, the
eigenenergy E1 remains real, whereas the other two form
complex conjugate pairs above the critical value γ3c, satis-
fying Im[E2] = −Im[E3]. The line of 3EPs γ3c is located on
the curve defined by q2 + p3 = 0 and q = 0, where the real
parts of three eigenvalues become equal, Re[E1] = Re[E2] =
Re[E3], as depicted in Figs. 2(a) and 2(e). It shows three-
state coalescence for any J1/J3. For γ > γ3c and q2 + p3 > 0,
Figs. 2(b) and 2(f) illustrate that two energies form a complex
conjugate pair, where Im[E2] = −Im[E3]. Otherwise, for θ �=
θ3c, the line of 2EPs arises from condition q2 + p3 = 0 with
q �= 0, as illustrated in Figs. 2(c) and 2(d). An isolated 3EP
resides at the intersection of two second-order ELs. Along the
second-order ELs γ2c, the real components of two eigenval-
ues merge, whereas E1 remains distinctly real in Figs. 2(g)
and 2(h).

Meanwhile, the 3EP can bifurcate into an additional 2EP
by modifying the atom-cavity coupling g1 �= g2. When the
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FIG. 2. The colored surfaces represent the eigenenergies for the (a) real Re(En) and (b) imaginary Im(En) components for θ3c = π/6,
with respect to gain/loss γ and the hopping ratio J1/J3. The red solid line represents the line of 3EPs γ3c. Distinct eigenenergies are shown for
θ = π/4 in (c) and (d). A red dot marks an isolated 3EP, and a black dashed line represents the second-order ELs γ2c. Re(En) and Im(En) as
a function of γ at the (e) and (f) 3EP and (g) and (h) the 2EP for fixed J1/ω = J3/ω = 0.01. In our calculations, we set g1/ω = g2/ω = 0.01
and �/ω = 50.

coupling strengths in cavities n = 1, 3 differ from g2 in the
neutral cavity n = 2 in Figs. 3(a) and 3(b), g1/g2 = 0.2, the
eigenstates of the gain and loss cavities, which are separated
from that of the cavity 2, coalesce at a 2EP γ2c. Then in-
creasing γ leads to the coalescence of three eigenvalues at
a 3EP γ3c. This features an EP formation with tunable cavity-
dependent coupling strengths.

III. ENHANCED SENSITIVITY
ALONG THE THIRD-ORDER ELS

In NH systems, the eigenenergies splitting exhibits dra-
matically enhanced response to a perturbation ε, scaling as
ε1/N where N is the EP order [24,25], producing order-of-
magnitude amplification near higher-order EPs. To measure
the enhanced sensitivity at the third-order ELs, we intro-
duce a disturbance to the gain cavity (ε1 = ε and ε2,3 = 0).
The eigenenergies En in the equation are given by E3

n −
(a + ε)E2

n + (b + cε)En + dε + u = 0 (see Appendix C).

Comparing to the unperturbed eigenenergy E0 at γ3c, the
energy difference �En = En − E0 constitutes a small correc-
tion. We employ a Newton-Puiseux expansion to express this
difference as �En = c1ε

1/3 + c2ε
2/3 + . . . (see Appendix C)

�En ∼ ei(2n+1)π/3η1/3ε1/3 − v

3η1/3
e−i(2n+1)π/3ε2/3, (7)

where η = −E2
0 + (ω− + ω0)E0 + J2 − ω0ω− and v = ω− +

ω0 − 2E0. Then we derive the real part of the energy splitting
between E1 and E2(3), which are analytically expressed as

Re(�E12(13)) ∼ 3

2
η1/3ε1/3 ±

√
3γ3c

6
η−1/3ε2/3. (8)

Figure 4(a) shows the real component of the eigenenergies
En at the 3EP for the perturbing gain cavity for θ3c = π/6.
The corresponding energy splitting Re(�E12) and Re(�E13)
exhibit a cube-roote scaling in Fig. 4(d), which agree well
with the analytical results in Eq. (8). When ε appears on the
neutral cavity, we also observe the cube-root scaling behavior

(a) (b) (c)

FIG. 3. (a) Real and (b) imaginary parts of En as a function of γ for g1/ω = g3/ω = 0.01, g2/ω = 0.05 and J1 = J3 = 0.01. A 3EP in
Fig. 2 bifurcates into a 2EP at γ2c. (c) Fidelity Fn for three eigenstates between |ψn(γ + ε)〉 and |ψn(γ )〉 with a small amount ε = 5 × 10−8.
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(a) (b) (c)

(f)(d) (e)

FIG. 4. Real part of En and energy splitting Re(�E12), Re(�E13)
at the 3EP (θ3c = π/6) for the perturbation ε on the gain cavity 1
(left column) and the neutral one 2 (middle column), respectively.
Right column shows Re(En) and Re(�E23) at the 2EP(θ = π/4)
for the perturbing on the gain cavity. The numerical energy splitting
(symbols) fit well with the analytical results (solid lines).

in Fig. 4(e). At the 2EP, where only eigenvalues E2 and E3

coalesce, the energy difference under perturbation is given by
�E2(3) = E2(3) − E0. It can be expanded in powers of ε as
�E2(3) ∼ c1ε

1/2 + c2ε. The real part of the energy splitting
between E2 and E3 is derived analytically as

Re(�E23) ∼ Re(−2
√

α)ε1/2, (9)

where α = −
√

9(E0 − ω+)2 − 5(ω0 + ω− − 2E0)2/5 − 3
(E0 − ω+)/5. Figure 4(c) shows eigenenergies E2 and E3

varing with ε at the 2EP for the perturbing gain cavity.
The corresponding energy splitting Re(�E23) exhibits the
square-root behavior in Fig. 4(f), which is consistent with
analytical results in Eq. (9). Consequently, the cube-root
scaling of the 3EPs demonstrates significantly enhanced sen-
sitivity compared to the square-root scaling of the 2EPs.
Morover, continuous 3ELs maintain robust enhanced sensitiv-
ity in the extended parameter space, where most perturbations
merely shift the operating point along the 3EL itself, ensur-
ing unprecedented robustness. This intrinsic stability provides
decisive advantages over isolated EPs for quantum sensing
applications.

IV. ASSOCIATED-STATE BIORTHOGONAL FIDELITY

Fidelity is used as an estimation of the similarity of two
quantum states, exhibiting a quick drop at critical points.
However, the fidelity loses its conventional meaning in non-
Hermitian system, as the standard inner product of quantum
mechanics leads to unphysical behavior. For a non-Hermitian
Hamiltonian H �= H†, the eigenvalues equations of H and H†

are given by H |ψn〉 = En|ψn〉 and H†|ψ̃n〉 = E∗
n |ψ̃n〉, where

|ψn〉 and 〈ψ̃n| are the right and left eigenstates of H that satisfy
the biorthonormal relation 〈ψ̃m|ψn〉 = δmn and the complete-
ness relation

∑
n |ψ̃n〉〈ψn| = 1. To generalize the fidelity for

non-Hermitian systems, we propose the biorthogonal Fidelity

(a) (b)

FIG. 5. Fidelity Fn for three eigenstates between |ψn(γ + ε)〉
and |ψn(γ )〉 for 3EP (θ3c = π/6) and 2EP (θ = π/4) with a small
amount ε = 5 × 10−4. The inserted plots show is fidelity calculated
using diagonalization method in Ref. [42].

in the framework of the associated-state biorthogonal method

F (γ ) = 〈ψ̃ (γ )|ψ (γ + ε)〉〈ψ̃ (γ + ε)|ψ (γ )

〈ψ̃ (γ + ε)|ψ (γ + ε)〉〈ψ̃ (γ )|ψ (γ )〉 , (10)

where ε is a small quantity and |ψ (γ )〉 is an eigenstate. The
perturbative state |ψ (γ + ε)〉 can be expressed as [11]

|ψ (γ + ε)〉 =
∑

n

an|ψn(γ )〉, (11)

its associated state |ψ̃ (γ + ε)〉 and dual state 〈ψ̃ (γ + ε)| can
be written as

|ψ̃ (γ + ε)〉 =
∑

n

an|ψ̃n(γ )〉,

〈ψ̃ (γ + ε)| =
∑

n

a∗
n〈ψ̃n(γ )|, (12)

with an = 〈ψ̃n(γ )|ψ (γ + ε)〉.
Figure 5 shows that all three eigenstates undergo a signif-

icant decline within the fidelity value [0, 1] at the 3EP γ3c,
while two exhibit a marked decrease at γ2c. The 3EP indicates
that each of the three state-dependent curves experiences a
pronounced drop near γ3c, marking significant changes at the
critical point. In contrast, the 2EP exhibits a subtler behavior.
Here two curves exhibit significant drop near γ2c, whereas the
other curve remains nearly at 1, indicating that this component
of the system is largely unaffected by the criticality at these
specific EPs. Thus, the fidelity can distinctly detect the emer-
gence of the 3EP and 2EP, as shown in Fig. 3(c). In addition,
the conjugate state 〈ψ̃ (γ + ε)| can be obtained by diago-
nalizing H†(γ + ε). The inserted plots demonstrate that the
second method for calculating fidelity can yield unexpected
outcomes [42], notably producing real numbers exceeding 1.
This contradicts the standard interpretation of fidelity values
as probabilities restricted to the interval [0, 1].

Moreover, there are also other different definitions of
the fidelity in non-Hermitian quantum systems [42–47], as
shown in Table I. Except for the third row of definitions,
all other definitions take into account the biorthogonality of
non-Hermitian systems. These definitions produce real num-
bers beyond the interval [0, 1], and even complex numbers,
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TABLE I. Comparison of various definitions of the fidelity in
non-Hermitian quantum systems.

Formula Range Reference

F = 〈ψ̃ (γ )|ψ (γ+ε)〉〈ψ̃ (γ+ε)|ψ (γ )〉
〈ψ̃ (γ+ε)|ψ (γ+ε)〉〈ψ̃ (γ )|ψ (γ )〉 [0, 1] This work

F = 〈ψ̃ (γ )|ψ (γ + ε)〉〈ψ̃ (γ + ε)|ψ (γ )〉 C [42]

F = 〈ψ (γ )|ψ (γ + ε)〉〈ψ (γ + ε)|ψ (γ )〉 [0, 1] [43]

F = 1
2 |〈ψ̃ (γ )|ψ (γ + ε)〉 + 〈ψ (γ )|ψ̃ (γ + ε)〉| R+ [44]

F =
√

|〈ψ̃ (γ )|ψ (γ + ε)〉〈ψ̃ (γ + ε)|ψ (γ )〉| R+ [45]

F =
√

〈ψ̃ (γ )|ψ (γ + ε)〉〈ψ̃ (γ + ε)|ψ (γ )〉 C [46]

further complicating the interpretation of the fidelity in this
context. Compared with other definitions, our biorthogonal
fidelity based on the associate state is a more robust theoretical
framework for the definition of fidelity in the NH systems
within the range [0, 1], giving a more reasonable value and
meeting the probability interpretation of fidelity satisfactorily.

V. ASSOCIATED-STATE BIORTHOGONAL
LOSCHMIDT ECHO

Similarily to the fidelity, the Loschmidt echo is used to
quantify the sensitivity of quantum evolution to perturbations.
For a quantum quench dynamics, the Hamiltonian changes
abruptly from Hi at t = 0− to H f at t = 0+, the eigenstate
|ψ i

n〉 of Hi will be evolved under the postquench Hamilto-
nian |ψ i

n(t )〉 = e−iH f t |ψ i
n〉. It can be expanded as |ψ i

n(t )〉 =∑
m dnm|ψ i

m〉, and the coefficient is given by

dnm = 〈
ψ̃ i

m

∣∣ψ i
n(t )

〉
, (13)

which can be explicitly expressed as dnm = ∑
l

e−iE f
l t 〈ψ̃ i

m|ψ f
l 〉〈ψ̃ f

l |ψ i
n〉 in terms of eigenvalue E f

l and
eigenstate |ψ f

l 〉 of H f . However, the direct generalization
|ψ̃ (t )〉 = e−iH f †t |ψ̃ (0)〉 leads to unreasonable complex
probabilities in the PT breaking regime [11,14]. We define
the time-evolved associated state as [11]∣∣ψ̃ i

n(t )
〉 =

∑
m

dnm

∣∣ψ̃ i
m

〉
, (14)

and its dual state 〈ψ̃ i
n(t )| = ∑

m d∗
nm〈ψ̃ i

m|.
The overlap between the initial state |ψ (0)〉 = |ψ i

n〉 and
the time-evolved state |ψ i

n(t )〉 can be characterized by the
biorthogonal Loschmidt echo

Ln(t ) =
〈
ψ̃ (0))

∣∣ψ i
n(t )

〉〈
ψ̃ i

n(t )
∣∣ψ (0))

〉〈
ψ̃ i

n(t )
∣∣ψ i

n(t )
〉〈
ψ̃ (0))

∣∣ψ (0))
〉

=
∣∣〈ψ̃ i

n

∣∣ψ i
n(t )

〉∣∣2〈
ψ̃ i

n(t )
∣∣ψ i

n(t )
〉 , (15)

where the denominator can be calculated as 〈ψ̃ i
n(t )|ψ i

n(t )〉 =∑
jm dnmd∗

n j〈ψ̃ i
j |ψ i

m〉 = ∑
m dnmd∗

nm. We obtain Ln(t ) ∈ [0, 1]
for three initial eigenstate |ψ i

n〉 as in the Hermitian case.
Figures 6(a) and 6(b) show the biorthogonal Loschmidt

echo for the quenches with both the initial Hamiltonian Hi

and the postquench Hamiltonian H f in the PT-symmetric

(a)

(c)

(b)

(d)

FIG. 6. Loschmidt echo of quenching processes by changing
γ (a) from γi = 0.001 to γ f = 0.006 (θ3c = π/6); (b) from γi =
0.006 to γ f = 0.001 (θ = π/4) in the PT-symmetric regime; and
(c) from γi = 0.05 to γ f = 0.018 (θ3c = π/6); (d) from γi = 0.05
to γ f = 0.01 (θ = π/4) in the PT-broken regime. The initial states
are prepared in three eigenstates of Hi. Here, g1/ω = g2/ω = 0.01,
J1 = J3 = 0.01, and �/ω = 50.

regime, while in Figs. 6(c) and 6(d) correspond to the case
where both are in the PT-broken regime. For Hi in the PT
symmetric regime, two identical curves L1(t ) and L2(t ) arise
in the system with a 3EP (θ3c = π/6), while distinct curves
Ln(t ) are observed for the 2EP case (θ = π/4) in Figs. 6(a)
and 6(b). The identical curves likely stem from the symmetry
present in the eigenenergy spectrum. When H f resides in the
PT symmetric regime, Ln(t ) exhibits periodic oscillations,
while it tends to a steady state for H f in the PT-broken
regime due to the complex eigenenergy E f

n , as shown in
Figs. 6(c) and 6(d). The significance of the postquench Hamil-
tonian H f arises from the inclusion of the term e−iE f

n t in the
coefficient dnm.

Figure 7 shows distinct quench dynamics by changing
γ across both the 3EP and 2EP. When the Hamiltonian is
quenched from the PT-symmetric to the PT-broken regime
across the 3EP, the Loschmidt echo tends toward two steady-
state values in Fig. 7(a). This contrasts with the dynamics
across the 2EP in Fig. 7(b), which exhibits three steady states
as a consequence of three distinct eigenstates and eigenvalues.
Conversely, periodic oscillations emerge in the Ln(t ) for the
quenches from the PT-broken to the PT-symmetric regime
across both the 3EP and 2EP in Figs. 7(c) and 7(d), resulting
from the real eigenenergies E f

n of the postquench Hamiltonian
H f in the PT-symmetric regime.

VI. CONCLUSION

We presented an unprecedented example of a non-
Hermitian light-atom interaction system exhibiting high-order
EP geometry within a one-dimensional JC triangle. The JC
triangle, with its artificial magnetic field and the PT symmetry,
reveals a complexity of EP-related phenomena. Unique singu-
larities at lines of 3EPs exhibit greater sensitivity over 2ELs.
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(a)

(c)

(b)

(d)

FIG. 7. Loschmidt echo of quenching processes across the 3EP
(θ3c = π/6) (a) from γi = 0.006 to γ f = 0.018 and (c) its reversal
dynamics, and cross the 2EP (θ = π/4) (b) from γi = 0.001 to γ f =
0.01 and (d) its reversal process. We choose three eigenstates of Hi

as initial states.

The associated-state biorthogonal fidelity and Loschmidt echo
are proposed to characterize the singularities and distinct dy-
namics across the 3EP even in the PT-broken regime. The
realization of high-order exceptional lines with improved sen-
sitivity suggests promising future applications in quantum
technologies and ultrasensitive sensors related to light-matter
interactions.
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APPENDIX A: SCHRIEFFER-WOLFF TRANSFORMATION
FOR THE EFFECTIVE HAMILTONIAN

OF THE JAYNES-CUMMINGS TRIANGLE

In this appendix, we derive the effective Hamiltonian of
the JC triangle given in Eq. (2) of the main text. The Hamilto-
nian of the JC triangle is HJCT = ∑3

n=1 HJC
n + Hn,n+1, where

Hn,n+1 = −Jn(eiθa†
nan+1 + H.c.) describes the photon hop-

ping between the adjacent resonators. The JC Hamiltonian for
each resonator is given by HJC

n = H0
n + gnV , where

H0
n = ω′

na†
nan + �

2
σ z

n , V = a†
nσ

−
n + anσ

+
n , (A1)

where the frequency for the gain and loss cavity are ω′
1(3) =

ω ± iγ , and the frequency for the neutral cavity is ω′
2 = ω. We

perform the Schrieffer-Wolff transformation with a unitary
transformation U = eS , where S = ∑3

n=1 g̃n
√

ω′
n/�(a†

nσ
−
n −

anσ
+
n ) with g̃n = gn/

√
�ω′

n. It leads to [H0
n , S] = −gnV .

The transformed JC Hamiltonian H̃JC = e−SHJC
n eS is

approximately given by

H̃JC
n = HJC

n + [
HJC

n , S
] + 1

2!

[[
HJC

n , S
]
, S

] + . . .

= ω′
na†

nan + �

2
σ z

n + g2
n

�

[
a†

nanσ
z
n + 1

2
(σz + 1)

]
, (A2)

where the higher-order terms O(̃g2
nω

′2
n /�) are neglected in

the frequency limit �/ω′
n → ∞. Meanwhile, we derive the

transformed Hamiltonian of the photon hopping term

H̃n,n+1 = Hn,n+1 + [Hn,n+1, S] + 1

2!
[[Hn,n+1, S], S] + . . .

= −Jn(eiθa†
nan+1 + H.c.) + O

(̃
g2

nJnω
′
n/�

)
. (A3)

Then we obtain the transformed Hamiltonian for the JC
triangle

H̃JCT
n = ω′

na†
nan + �

2
σ z

n + g2
n

�

[
a†

nanσ
z
n + 1

2
(σz + 1)

]
−Jneiθ (a†

nan+1 + H.c.). (A4)

Since the transformed Hamiltonian is free of coupling terms
between spin states |↑〉n and |↓〉n. By projecting to the sub-
space of atom |↓〉n, we obtain

H↓
JCT =

3∑
n=1

−Jn(eiθa†
nan+1 + H.c.) + ω+a†

1a1

+ω2a†
2a2 + ω−a†

3a3, (A5)

which is Eq. (2) in the main text. The renormalized frequency
is ω± = ω1 + iγ with ωn = ω − g2

n/� for the case g1 = g3.

APPENDIX B: ANALYTICAL SOLUTION
OF THE HAMILTONIAN

In this section, we derive the eigenenergies, the critical
values of the second-order and three-order exceptional lines
in Eqs. (4)–(6). The Hamiltonian H↓

JCT in Eq. (2) of the main
text can be written in the matrix form as H↓

JCT = αMα† + C,
where α represents {a†

1, a†
2, a†

3} and C is constant. The matrix
M is given by

M =
⎡⎣ ω+ −J1e−iθ −J3eiθ

−J1eiθ ω2 −J1e−iθ

−J3e−iθ −J1eiθ ω−

⎤⎦, (B1)

where the hopping amplitude is assumed as J1 = J2 �= J3.
Eigenenergies En are obtained by solving the determinant∣∣∣∣∣∣

ω+ − En −J1e−iθ −J3eiθ

−J1eiθ ω2 − En −J1e−iθ

−J3e−iθ −J1eiθ ω− − En

∣∣∣∣∣∣ = 0. (B2)

It leads to the following equation

aE3
n + bE2

n + cEn + d = 0, (B3)
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where the corresponding coefficients are

a = −1, b = 2ω1 + ω2,

c = 2J2
1 + J2

3 − (
2ω1ω2 + ω2

1 + γ 2),
d = ω2

1ω2 + ω2γ
2 − J2

3 ω2 − 2J2
1 ω1 − 2J2

1 J3 cos(3θ ). (B4)

By defining En = εn + (2ω1 + ω2)/3, Eq. (B3) can be ex-
pressed as

ε3
n + pεn + q = 0, (B5)

where coefficients p and q are renormalized as

p = 3ac − b2

9a2

= ( − 2J2
1 − J2

3 + γ 2
)
/3 − (ω1 − ω2)2/9,

q = 27a2d − 9abc + 2b3

54a3

= −[ω2 − ω1]
[
(ω2 − ω1)2 + 9J2

1 − 9J2
3 + 9γ 2

]
/27

+ J2
1 J3 cos(3θ ). (B6)

The general solutions of Eq. (B5) are analytically obtained
using Cardano’s formula

ε1 = β+ + β−,

ε2 = χβ+ + χ∗β−,

ε3 = χ∗β+ + χβ−, (B7)

where χ = (−1 + √
3i)/2 and β± = 3

√
−q ±

√
q2 + p3. εn

corresponds to the eigenenergies in Eq. (4) of the main text.
We analytically derive the third-order exceptional

lines(3ELs) by the constraint conditions q2 + p3 = 0 and
q = 0. It leads to the critical magnetic flux θ3c and γ3c values

θ3c = 1

3
arccos

((
g2

2 − g2
1

)[
4
(
g2

2 − g2
1

)2
/�2 + 27J2

1

]
27�J2

1 J3

)
,

γ 2
3c = 2J2

1 + J2
3 +

(
g2

1 − g2
2

)2

3�2
, (B8)

which is Eq. (6) of the main text. For the special case of
identical couplings (g1 = g2 = g3), the coefficients p and q
simplify to

p = ( − J2
3 − 2J2

1 + γ 2)/3,

q = J2
1 J3 cos(3θ ). (B9)

Then the critical magnetic flux reduces to φ3c = 3θ3c =
π/2 + nπ . The second-order exceptional points (2EPs) arise
when q2 + p3 = 0. It gives the critical value

γ2c = ±
√

3
3

√
−[

J2
1 J3 cos(3θ )

]2 + J2
3 + 2J2

1 , (B10)

which is Eq. (5) of the main text.
Figure 8 shows the critical value γ3c, which can be tuned

by the atom-cavity coupling ratio g1/g2 and hopping strength
ratio J1/J2.

FIG. 8. Third-order exceptional surface γ3c as a function of g1/g2

and J1/J3 for ω = 1, � = 20.

APPENDIX C: EIGENENERGIES
FOR THE PERTURBED HAMILTONIAN

To quantify the system’s sensitivity to perturbations, we
analytically derive Eqs. (7)–(9) of the main text. When the
perturbation is induced on the gain cavity (ε1 = ε and ε2,3 =
0), the determinant of the Hamiltonian equated to zero gives
(J1 = J3 = J)∣∣∣∣∣∣

ω+ − En + ε −Je−iθ −Jeiθ

−Jeiθ ω0 − En −Je−iθ

−Je−iθ −Jeiθ ω− − En

∣∣∣∣∣∣ = 0. (C1)

It leads to the equation

E3
n − (a + ε)E2

n + (b + cε)En + dε + u = 0, (C2)

where the parameters are given by a = ω0 + ω+ + ω−,
b = −3J2 + ω−ω0 + ω−ω+ + ω0ω+, c = ω− + ω0,
d = J2 − ω−ω0, and u = ω−J2 − ω−ω0ω+ + J2ω0 + J2ω+.

At the third-order EPs with the critical value γ3c and
θ3c = π/6, the energy variance �En = En − E0 is small with
respected to the unperturbed eigenenergy E0. Then Eq. (C2)
can be rewritten as

�E3
n + (r − ε)�E2

n + (s + vε)�En + ηε + ρ = 0,

where the renormalized coefficients are ρ = −aE2
0 + bE0 +

E3
0 + u, r = 3E0 − a, s = 3E2

0 − 2aE0 + b, v = c − 2E0, and
η = cE0 + d − E2

0 . The energy variance �En can be ex-
pressed perturbatively as a Newton-Puiseux series: �En =
c1ε

1/3 + c2ε
2/3. It yields

c1sε1/3 + (
c2

1r + c2s
)
ε2/3 + (

c3
1 + 2c1c2r + η

)
ε

+ (
3c2

1c2 + c1v + c2
2r

)
ε4/3 + (

c2vc2
1 + 3c1c2

2

)
ε5/3

+ (
c3

2 − 2c1c2
)
ε2 − c2

2ε
7/3 = 0. (C3)

By neglecting higher-order terms of ε, two sets of equa-
tions for the coefficients c1 and c2 are obtained by forcing the
coefficients of the third and fourth terms to be zero

c3
1 + 2c1c2r + η = 0,

3c2
1c2 + c1v + c2

2r = 0. (C4)
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The aforementioned equation yields three distinct solution
sets as follows:{

c1→ − η
1
3 , c2 → − v

3c1

}
,

{
c1→eiπ/3η

1
3 , c2 → − v

3c1

}
,{

c1→e−iπ/3η
1
3 , c2 → − v

3c1

}
. (C5)

It leads to the energy variance �En in the form

�E1 ∼ −η1/3ε1/3 + v

3η1/3
ε2/3,

�E2 ∼ e−iπ/3η1/3ε1/3 − v

3η1/3
eiπ/3ε2/3,

�E3 ∼ eiπ/3η1/3ε1/3 − v

3η1/3
e−iπ/3ε2/3, (C6)

which are Eq. (7) in the main text. The energy splitting among
three eigenenergies En are derived as

�E12 ∼ − η
1
3

(√
3

2
i − 3

2

)
ε1/3 + v

3η1/3

(√
3

2
i + 3

2

)
ε2/3,

�E13 ∼η
1
3

(√
3

2
i + 3

2

)
ε1/3 + v

3η1/3

(
−

√
3

2
i + 3

2

)
ε2/3,

�E23 ∼ − η
1
3

√
3iε1/3 + v

3η1/3

√
3iε2/3. (C7)

Their real part is given analytically as

Re(�E12) ∼ 3

2
η1/3ε1/3 +

√
3γ3c

6
η−1/3ε2/3,

Re(�E13) ∼ 3

2
η1/3ε1/3 −

√
3γ3c

6
η−1/3ε2/3,

Re(�E23) ∼
√

3γ3c

3
η−1/3ε2/3, (C8)

which is Eq. (8) in the main text.
For the second-order EPs with the critical value γ2c for θ =

π/4, Eq. (C2) is modified since the parameter u takes the form
u = ω−J2 − ω−ω0ω+ − √

2J3(i + 1) + J2ω0 + J2ω+, while

the other parameters remain the same as those in 3EPs. At
the critical value γ2c, the energy variance �E2(3) − E0 follows
a power series expansion in the perturbation parameter ε:
�E2(3) ∼ c1ε

1/2 + c2ε. Equation (C3) can be reformulated as

c1s
√

ε + (
η + c2

1r + c2s
)
ε + (

2c1c2r + c3
1 + c1v

)
ε3/2

+ (
3c2

1c2 − c2
1 + c2

2r + c2v
)
ε2 + (

3c1c2
2 − 2c1c2

)
ε5/2

+ (
c3

2 − c2
2

)
ε3 = 0. (C9)

Similarily, two sets of equations for the coefficients c1 and c2

are obtained by forcing the coefficients of the terms ε3/2 and
ε2 to be zero

2c1c2r + c3
1 + c1v = 0,

3c2
1c2 − c2

1 + c2
2r + c2v = 0. (C10)

It yields two sets of solutions for the coefficients c1 and c2 as
follows: {

c1→ − √
α, c2 → −α + v

2r

}
,{

c1→
√

α, c2 → −α + v

2r

}
, (C11)

with α = −
√

9(E0 − ω+)2 − 5(ω0 + ω− − 2E0)2/5 −
3(E0 − ω+)/5. Subsequently, the energy variance �E2(3)

is determined

�E2 ∼ −√
αε1/2 − α + v

2r
ε,

�E3 ∼ √
αε1/2 − α + v

2r
ε. (C12)

The analytical expression for the real part of the energy split-
ting between E2 and E3 is derived as

Re(�E23) ∼ Re(−2
√

α)ε1/2. (C13)

Inducing perturbations to the other cavities aligns with the
above discussed analysis. In the scenario, we also obtain the
cubic-root energy splitting between E1 and E2(3) when a per-
turbation is applied to the loss cavity (ε1 = ε2 = 0, ε3 = ε) or
the neutral cavity (ε1 = ε3 = 0, ε2 = ε).
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